
���������
	���
��������
	��

� 
����������! "�#	%$�����&'
��($��)
*�,+-+/.

01�32��
$����4	�576�04	��8$����)��9:	;�=<>��?��#$����
	;�

@BA CED
N FHGJILKNMPORQTSUGJV�WYXHZR[\KNWPO>G]V�XH^_^RVLFHMP[ 1/2 ^`VLKbaJ[cVLdBef^`KbWYXgGJV�GhQH[iFjdJKb^`[HORWPGJSkXH^ldBVLORWYSUGJXHdJI
G]INefmB[HWPO`d_QH[HWYXHWPef^R[HVLWPdB[HGJS ATnpo QgaJS,^RV#SPGq^R[H^`INrBMPGlXT^RS,^RVsKtGJXTdfuvQH[TXgGJef^R[\KtGJSUw

x D"y QHFzdJ[Hr\G N = 2
A|{ VNO`INWY}gG�^`SH~B^RO�KbdBI�XH^#^RVsKtGJXHd�XH^RS�VLWPVLKN^Re1G�ORdBILIN^RVLFzdJ[HXHWP^`[\Kb^�GJS�^RVLKbGJXHd

uvQT[HXgGJef^R[\KtG]S A�n�{k� WPVLKN^;GJSPrBQT[gGqIN^`VLKbILWPO`ORWPmJ[hFgGJIbG_^`S8~JG]SPdBI4XT^RS,^RVLFHMP[hKNdJKtGJS:XH^RS,VLWPVLKN^Re1G\w� [\KN^RINFTIN^`KN^�uvMYVNWPORGJef^R[\Kb^ A
�(A)� dJV4FgGJIsKbMPO`QHSUG]V
XHWYVLKbWY[HrBQHWY}HSP^`V7XH^�^RVLFHMP[ 3/2 VLWP[hWYe1FHQTSPVNd�GJ[HrBQTSUGJI�dBIN}TWYKtG]SjFTQH^RXH^`["GJORdBFTSUGJILVN^
G J = 3 � J = 2 � J = 1 d J = 0

Azy QTFzdB[Tr\G1G]�HdBIbGf�|QH^�SPGJV#FgGJILKNMPO`QHSUGJV#VLdB[�WYXHZR[\KbWYO>GJV Azn�� QHZ
IL^RVLKNINWYORORWYdB[H^`V)VL^�dB}TKbWY^R[H^`[�w

�TA)� ^`eqQH^`VLKbIL^��|QH^�XHdJV#uv^`INefWPdB[T^RV3WPXTZR[\KbWYORdBV3^`[�QH[HGfefWPVLe�G�mJIN}HW�KtG j �HVNmJSPdlVN^�FHQH^`XH^R[�GJORdJFHSUGJI
GlWPefFHQHSYVNd_KbdJKbGJS J FgGJI Aj� VN^�SPGlGJ[\KbWPVLWPef^`KNINMUGqXT^�SPGluvQH[TORWPmJ[�XH^;dB[HXHGT��d�VN^RG φ(j2, m, m′) =

−φ(j2, m′, m) �hSPG_FHINdBFTWP^RXHGJX�XH^�SPdBV o SY^R}HVLOt�(�s��dBINXHGJ[
〈j1m1j2m2|JM〉 = (−1)j1+j2−J 〈j2m2j1m1|JM〉 .

� A)� ^`eqQH^`VLKbIL^1�|QH^lXHdJV;}jdBVLdB[H^RV;ORdJ[cQH[�efWPVLe1dhWYe1FHQTSPVNd�GJ[HrBQHSPGJI l �8VNmJSPd�VN^lFHQH^`XH^R[�GJORdJFHSUGJI
GiWPefFHQHSPVLd�KbdJKbGJS L FHGJI A�� VL^�SPGcVNWYe1^�KbILMUG�XH^�SPG�uvQT[HORWYmB[�XH^"dB[HXHGT��dcVN^RG φ(l2, m, m′) =

φ(l2, m′, m) �hSUGqFHILdBFHWY^RXgGJX�XH^;SPdJV o SP^`}HVNOt�(����dJINXgGJ[
〈l1m1l2m2|LM〉 = (−1)l1+l2−L 〈l2m2l1m1|LM〉 .

� [HXTWP�|QH^�VNWYe1WYSPWYKNQHXH^`V��hXHW�uv^RIL^R[HO`WUGJV3O`dB[�^`S,O>GJVLdlXH^�XHdBV3uv^RILe1WYdB[H^RV3WYXHZR[\KNWPORdJV3XH^�^RVNFTMP[ 1/2
A

�(A�o dB[TVLKbILQT�\G�SPdBV�FzdJVNWP}TSP^RV7^`VLKtG]XHdBV4XH^#~]GJINWPGJV7FgGJIsKbMPO`QHSUG]V�^`[�O>G]XgG�QH[TdqXH^)SPdBV�VNWYrBQHWP^`[\Kb^RV�O>G]VNdBV`�
CED"� }jdBVNdB[T^RV#XH^�^RVLFHMP[ @BA
x D�� }jdBVNdB[T^RV#XH^�^RVLFHMP[ @BA
� D"� uv^RILe1WYdB[H^`V4XH^�^RVLFHMP[��B� �(A

�TA�y ^RGJ[�XTdBV/FgGJILKNMPO`QHSUGJV/^`[�SPG)mBIL}HWYKbG N = 2 XH^RS|dBVLORWPSPGJXHdBI8GJINefmB[HWYORd#WPVLmJKbILdBFzd3��KNINWPXTWPef^R[HVLWPdB[gG]S Ao dB[TVNWPXT^RIN^��|QH^;XHWPOt�HGJV3FgGJIsKbMPO`QHSUG]V3VNdB[8�

@



CED uv^`INefWPdB[T^RV3XH^�^RVLFHMP[ @ � �EAx D }jdBVLdB[H^RV�XT^q^RVLFHMP[�� A:� ^_QT['SPWYVLKtG]XHd�XH^�SPdBV)FzdJVNWP}TSP^RV�^RVsKtGJXHdJV�XH^qXHdJV�FgGJIsKbMPO`QHSUG]V�QTKNWPSYW��
� GJ[HXHdfSUG]V3VNWPrJQHWP^`[|KN^RV#}gGJVL^RV`�@pD

l1 l2 s1 s2 ml1 ml2 ms1
ms2�BD

l1 l2 s1 s2 j1 j2 mj1 mj2�\D
l1 l2 s1 s2 j1 j2 J mJ

� d(XTINMUG_ORGJSPO`QHSUGJI
^R[�uvdBINe1GqVNWYe1FHSY^�^RS,[��Hef^RILd1XT^;^`VLKbGJXHdBV#^R["O>G]XgGfORGJVNd\w
� �EQHXHGT�/IN^RO`dBINXHGJI��EQT^1FgG]IbGhQH[gG�FgGJIsKbMPO`QHSUG�}HG��Ld�SPG�GJORO`WPmB[�XH^lQH[iFzd]Kb^R[TORWUG]S XH^
	 A � A
KNINWYXHWPef^R[HVLWPdB[HGJS�^�WPVLmJKbILdBFzd�VN^�ORQTe1FHSY^ EN = h̄ω(N + 3

2
) �T^R[hXHdB[TXH^ N = k + l �TORdB[ k

QT[�[��Hef^RILd1FgG]I A���
 ^RIR�gFjdBI3^��L^RefFHSPdH� o dB�H^R[:�gFgaJr A��(@��\D�A
� A�� IN^`V�FgG]ILKbMYORQHSPGJVhWPXTZR[\KbWYO>GJV�XH^i^RVLFHMP[�� ^`VLKta][ VNW�KbQgG]XgGJV�^R[ SPdBV�~JZRILKNWPO`^RV�XT^cQH[ KbILWUaJ[TrBQHSPd
^`�EQTWPSUG�Kb^RILd AH{ S8^��L^ z ^`V3Fz^`INFj^R[HXHWYORQHSPGJI3GJS:FHSUGJ[Td_XH^RS8KNINWUa][HrBQHSYd���FgG]VbG_FzdJI3VNQ�OR^`[|KNINd A�� dEXHd
^`S�VLWPVsKb^Re1G�FHQH^RXT^�INd]KtGJI;SPWY}HIN^`e1^`[|KN^lGJSPIL^RXH^`XHdBI;XH^fXHWPOt�Hd�^��L^ A 	�}TKN^R[HrBG�IN^`VLKNINWPO`ORWYdB[H^RV;FgGJING
SYdBV4~]GJSPdBIL^RV3FjdBVNWY}HSP^`V4XH^ Jz

A
�TA�o dB[TVNWPXT^RIN^�KNIN^RV#FgG]ILKbMYORQHSPGJV3WPXTZR[\KbWYO>GJV3XH^�^`VNFHMY[ @ �|QH^�WP[\Kb^`IbGJO�K��gG][�XHZ`}HWPSYe1^`[\Kb^ A

CED"y QHFzdJ[Hr\G3�|QH^7VN^7VbGJ}j^7�|QH^7SUG4FgGJIsKb^ ^`VNFgGJO`WUGJSJXH^RSB~J^RO`KNdBI/XH^ ^RVsKtGJXTd�^`V-VLWPefZ`KNINWPO`d4IN^`VNFj^RO�Kbd
XT^RS WP[\KN^RINORGJeq}HWYdhXH^_ORQHGJSP�|QHWY^RI�FgGJI�XH^lFgGJILKNMPO`QHSUGJV A8� KbWPSYW � GJ[HXHd1SUG�[HdJKbGJORWYmB[ |+〉|0〉|+〉

FHGJIbG�^`S�ORGJVNd�^R[=�|QH^'SPGiFHGJILKNMPORQTSUG @ ^RVsKta�^`[ ms = 1 �7SUGiFgGJIsKbMPO`QHSUG � ^`[ ms = 0

�iSPG�FgGJIsKbMYORQHSPG � ^R[ ms = 1 �-ORdB[TVLKbILQT�\G�SPdBV;^RVsKtGJXHdJVqXH^�^`VNFHMY[�[HdJINe1GJSPW � GJXHdJV;^`[ SPdJV
VLWPrBQTWP^R[\KN^RV3KbIL^RV#O>GJVLdBVR�
��D�� GJV3KbIN^`V#FgGJILKNMPO`QHSUGJV
^R["^RS,^RVsKtGJXTd |+〉

A
����D�� dBV#XH^�^RSYSUGJV
^R[ |+〉 �HSPG_dJKbINGl^`[ |0〉

A
������D�� GJV3KbIN^`V#^R["XHWYuv^`IN^R[\KN^RV#^RVsKtGJXHdJV�XH^�^`VNFHMY[ Anpo QgaJS,^RV#^`S,^RVNFTMP[�KbdJKbGJS8^R["O>G]XgGfORGJVNd\wx D�� IbG�Kb^"XH^�IL^RVNdJSY~B^`I1^`S#e1WYVNefdiFTINdB}HSY^Re1G�ORQgGJ[TXHd�SPG�FHGJILKN^�^`VNFgGJO`WUGJS#^`V�GJ[\KbWYVNWYe1Z�KbINWYO>G
G][|KN^�^`S8WP[\KN^RINORGJeq}HWYd_XH^�ORQgG]SP�|QHWP^`I3FgGJI#XH^�FgGJIsKbMYORQHSPGJV A

�TA)� dJV
uv^RILe1WYdB[H^RV�WPXHZ`[\KbWPO`dBV4XH^�^RVNFTMP[ 1/2 VN^�eqQH^`~J^R[�^R[hQT[gGqXHWPef^R[TVNWPmJ[�}gG��Ld_^`S:^�uv^RO`KNd_XH^�QH[
FjdJKb^`[HORWPGJS8XH^�Fjd � dlWY[��g[HW�Kbd

V (x) =







∞ FgGJING x < 0, x > L

0 FgG]IbG 0 ≤ x ≤ L

CED�{ VLORINWY}gG�SPG"uvQH[HO`WPmB[cXH^�dB[TXgG��iSUG�^R[H^`INrBMPG�XH^`S�^`VLKtG]XHd�uvQH[HXHGJe1^`[\KtGJS�ORQgG][HXHd'SPGJV�XHdJV
FHGJILKNMPORQTSUGJV3VL^;^`[HORQT^R[\KbINGJ[�^`[�QH[�KbILWPFHSY^`KN^�XH^;^RVNFTMP[ A

�



x D�� ^RFTWYKtG � G D ORQgG][HXHdfSUGJV3FgG]ILKbMYORQHSPGJV4VL^�^`[HORQH^`[\KbIbG][�^R["^RS,VLWP[HrJSP^`KN^�XH^�^RVLFHMP[ A
@ � A�o dB[TVNWPXT^RIN^�SUGlORdBSYWPVLWPmB[�^RSPaJVLKNWPORGfXH^;XHdBV�FgGJIsKbMPO`QHSUG]V)WYXHZR[\KNWPO>G]V)^`['^RS-VNWYVLKN^Re1GfO`^R[\KbILd�XH^�e1GJVNG

XH^hSPGJV�efWPVLe�G]V A 	�}(Kb^R[Tr\G'SUGJVqGJe1FTSPWYKNQHXH^`V�� FTINdB}gG]}HWPSYWPXgGJXT^RV;XH^�KbINGJ[HVNWYORWYmB[ XH^hQH[ ^`VLKtG]XHd
GJ[\KN^RINWYdBI4G�SUG�O`dBSPWYVNWPmJ[�G�d]KbINd�FzdBVsKb^`INWPdJI
VN^`r �H[�VN^�KbIbG�Kb^�XH^�uv^RINefWPdJ[H^RV�d_}zdJVNdB[H^`V A � [|KN^RILFHIN^�Kb^
^`S8KbZRILe1WY[Hd_XH^�WP[\KN^RILuv^`IN^`[HORWPGl^`[�G]eq}zdJV3O>GJVLdBV A

�


