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:<;)=)>@?<ACBEDGFIHKJL?KM2HKMON0P<>LDGBE?RQS>LDTJLDGNVUW>LAODG?<>XHKFYUEA[Z]\7AOQ_^CU`Za?VH7FTHRbYUWMCZOQLMOcXHdBEDTPK>

V = bx

JL?K>LJLU
b
UEA#QL>LH0BW?<>LACZaHK>eZaUfMOUEHKFg;

hji"k HdFTBEQSFTUlUEFmJLUWAObLFTHKnoHdNVDGUE>eZa?pJLU7UW>LUEMCq<rIHpJLUWF�UWACZaHKJL?tsuQL>LJXHKN0UE>eZaHKFmHKF%N0UE>L?KM�?<MOJLUWMv>L?
>wQLFG?L;

x ity UEACQLUEF{zdH|UEA[ZaU}bSMO?<cLFGUENVHpUE>~su?<MCN}HtU`�SHKB`Z]Ht��BW?<N0bXHKMOU0BE?K>~UEF�MOUWAOQLF{Z]HKJS?|�XHKFGFIHKJS?pUE>
� H i ;���QLUWJLU�HKAOQLN0DTM
AODT>tJLUWNV?KACZaMOHKM2�wQLU

〈un′|x|un〉 =

√
h̄

2mω

(√
n+ 1δn′,n+1 +

√
nδn′,n−1

)

�(; k ?<>SAODTJSUEMOUvQL>LH0bXHdMCZarGBEQLFTHRUE>"QL>tbY?dZaUE>SBEDIHdF8cLDTJSDTN0UE>LACDT?<>XHdF

V =





0
bXHKMaH

0 ≤ x ≤ L, 0 ≤ y ≤ L

∞ UW>@?dZaMO?7BEHKAO?L;

k HKFGBEQLFGU�FTHKA�HKQSZa?dsuQL>LBEDG?<>LUWA�JLU�FIH)UE>LUWMOq<rTH�bXHKMOH�UWF(UWACZ]HdJL?�suQL>LJLHKNVUW>eZ]HKFw�fUEFjbLMODGNVUWM-U��(BEDGZaHKJL?L;
� D�Hdq<MOUWqeHKN0?<A�QL>XH7b�UEMCZOQLMOcLHKBEDGP<>tDT>LJLUWbYUW>LJLDGUE>eZaUvJLUWF8ZaDTUWNVb�?lJLUvFIH�su?KMONVH

V1 =




λxy

bXHKMOH
0 ≤ x ≤ L, 0 ≤ y ≤ L

0
UE>"?KZaMC?7BoHKAC?

BEHKFTBWQLFTUfFIHKA�HKQSZO?KsuQL>LBWDT?<>SUEA�JSURFIH7UE>LUWMOq<rTH�HV?KMOJLUW>�BEUEMC?L���@FG?<A�JSUEAObSFIHKnEHKNVDGUE>eZa?KA�JLU�UE>LUWMOq<rTH
HlbLMCDTN0UEM�?<MCJLUE>"bXHKMOHlUEF,UEA[Z]HKJS?0suQL>SJXHKN0UE>eZ]HKF8��UEF,bLMCDTN0UEM�U��SBWDGZaHKJL?L;

�S; k ?<>SAODTJSUEMOUtQL>�?<ACBEDTFTHKJL?<MRHKMON0P<>LDGBE?'DGAOPKZOMO?<b�?�UE>�JL?<A7JLDGNVUW>LAODG?<>LUEAW;���F2�XHKN0DTF{Za?<>LDTHK>L?"UEA[Z]\
JXHdJL?7bY?<M

H0 =
p2

x

2m
+

p2
y

2m
+
mω2

2
(x2 + y2)

hji"��k QX\dFTUEA�AC?<>7FIHKA�UE>LUWMOq<rTHKA%JLU2FG?<A�ZOMOUWA�UEACZaHKJL?<A�JSU2NVUW>L?<M�UW>LUEMCq<rIH<� ��� Ho��JLUEq<UW>LUEMOHKBEDGP<>��

:



x i�� �L?<MOHvACU)HKbLFTDGBoH�FTH�bYUWMCZOQLMOcXHdBEDTPK> V = δ mω2xy
�<JL?<>SJLU

δ
UEAmQL>0>��LN0UEMO?vMCUoHKFXHdJLDTN0UE>��

ACDT?<>LHKF�NRQLB]�L?VNVUW>L?<M)�jQSU�QL>L?S;Y��>LBWQLUE>eZOMOURUWF�HKQ(Za?jUEACZaHKJL?VJLU�UW>LUEMCq<rIHVHV?<MCJLUE>@BEUWMO?}�
FTH�BE?KMOMOUWAOb�?<>LJLDGUE>eZaU�HKQSZa?jUE>SUEMOqKrIHRH�bSMODTN0UEM�?<MCJLUE>�� UEA2JLUWBEDGME�jFIH�UW>LUEMCq<rIH�>L?lbYUWMCZOQLMOcXHdJXH
JSU � H i NV\KAfUEFmBE?<MCMODGNVDGUE>eZa?tJLUVUE>LUWMOq<rTH@H"bLMODGNVUWMf?KMOJLUW>	�
bLHKMaH"BoHKJXH"QL>L?@JLU}FG?<A�ZaMOUWA
UWACZaHKJL?<A)JLUvNVUW>L?<M2UW>LUEMCq<rIHS;


oity UEACQLUEF{zdHfU��LHdBWZ]HdNVUW>wZOU H0 +V
; k ?KNVbXHdMOU2BE?K>VFG?<A�MOUWAOQLF{Z]HKJL?KA�bYUWMCZaQSMOcXHdZODGzK?<Am�XHKFTFTHKJL?<A

UW> � c i ;X��QLUWJLUfQLAaHKM#�wQLU

〈n′|x|n〉 =

√
h̄

2mω

(√
n+ 1δn′,n+1 +

√
nδn′,n−1

)

� ;)=)> \dZa?<N0?}JSUlQL>�UEFGUEBWZOMOP<>�BWQS�<?tUWACZ]HdJL?�suQL>LJXHdNVUW>wZaHKF�UWA�>L?pJLUWq<UE>SUEMaHdJL?tUEACZa\�QLcLDGBoHKJL?}UE>
QL>LH@MOUWq<DTPK>~UE>~JL?<>LJLUV�XHo� QL> BoHdNVb�?|UWF
�EB`ZaMCDTBE?

E
QL>LDGsu?KMON0UVUW> FIHtJLDTMCUEBWBEDTPK>

z
;���cSZaUW>LqeH

QL>LH~U`�(bLMCUEAODGP<> HKbLMC?o�SDGN}HdJXH JSUEF�N0?<N0UE>eZa?�JLDTb�?<FTHKM7DT>LJLQSBEDTJS?~UE> UEF�UWACZaHKJL?~suQL>SJXHKN0UE>eZ]HKF
BW?<>LAODGJLUEMOHK>LJL?0UEF,zdHKFG?<M�N0UEJLDG?0JSUEF�?<b�UEMaHdJL?<M

ez
MCUEACbYUWBWZa?VJLUEF,zKUEBWZO?<M)JLUvUEACZaHKJL?VBE?<MCMOUEqKDTJL?0H

bLMCDTN0UEM�?<MCJLUE>~bY?<MvFTHtZOUE?<MCrIHpJLU0bYUWMCZaQScXHKBEDG?<>LUWAE;��@QLUEA[ZaMCU}�wQLU}FTH"N0DTACN}H�U��(bLMOUWAODTPK> bLQLUWJLU
?<c(ZaUE>SUEMOACURJLUWF�BW?<MOMCDTN0DTUE>eZO?

∆ = −α|E|2/2 JSUEF-UEACZaHKJL?}suQS>LJXHKN0UE>eZ]HdF�BW?<MOMCUEq<DGJL?�H0AOUEqKQL>LJL??<MCJLUE> �
α
UWA#FIHlbY?KFIHKMCDTnoHdcLDTFGDTJXHKJ i ;���q<>S?<MOUvUEF,UWAObLrG>8;

�(;���HlN}H_ZaMODGn��XHKN0DTF{Za?<>SDIHK>XHvJLUfQL>tAODGACZaUWN}HlJLUvJL?KA)>SDGz<UWFTUWA)bSQLUEJLUfUEACBEMCDTcLDGMOAOU�BW?<N0?

H =



 E0
1 λ∆

λ∆ E0
2





k FTHKMaHKN0UE>eZOU�FT?<A#HKQ(Za?�z<UWBWZa?KMOUEA)JLUvFIHRUW>LUEMCq<rIHlJLUWF,bLMO?KcLFTUWN}HR>L?0b�UEMCZOQLMOcLHKJL? � λ = 0 i AO?<>

φ
(0)
1 =


 1

0


 , φ

(0)
2 =


 0

1


 .

hjity UEACQLUEF{zdHRUEACZOU�bLMC?<cLFTUWN}HfU`�SHKB`Z]HKN0UE>eZaUd�LUE>SBEQLUW>wZOMOU�FG?<A�HKQ(Za?�z<UWBWZa?KMOUEA��}HKQSZO?�zKHdFT?<MCUEA�JLU
FTHlUE>LUWMOq<rTHS;

x i�� AOQLN0DTUW>LJL?��wQLU λ|∆| � |E0
1 − E0

2 |
�YMCUEACQLUEF{zKH�UWF�N0DTACNV?VbLMO?KcLFTUWN}H7QLAaHd>LJL?pFIH7ZaUW?<MOrTH

JSUVb�UEM[ZaQLMCcXHKBEDG?<>LUWAE; � HKFGFTUlFTHtBW?<MOMCUEBWBEDTPK>�JLU0bLMCDTN0UEM�?<MCJLUE>�UE>~FG?<AfHKQSZO?�zKUEB`Za?<MCUEA��'JLU
ACUEq<QS>LJL?R?<MCJLUE>VUE>VFT?<Am>LD{z<UEFGUEA�JLU)UE>LUWMOq<rTHS; k ?<N0bXHKMOU)FT?KA�MCUEACQLFGZaHKJL?<AmBE?K>}FT?KA�?KcSZaUW>LDTJL?KA
UW> � H i ;


oi � QLbY?K>LqeH�HK�S?<MaH0�jQSU�FT?KA�>LD{z<UWFTUEA�JLU�UW>LUEMCq<rIH0>L?}b�UEM[ZaQLMCcXHKJL?KA�UEA[Z]\K>�BEHKAOD-JLUWq<UE>LUWMaHKJS?<A
�
|E0

1 −E0
2 | � λ|∆| i ;��@QSUEACZOMOU2�wQLU2FG?<A�MCUEAOQSFGZ]HdJL?<A�?KcSZaUW>LDTJL?KA%UE> � H i ACU2bXHKMOUWBEUW>0N�QLB]�L?HRFG?<A
�wQLU�?KcSZaUW>LJLMOrTHRHKF HKbLFTDGBoHKM�FIHvZaUW?<MOrTH�JLU�b�UEM[ZaQLMCcXHKBEDG?<>LUWA�bXHKMOHRUEF BEHKAO?lJSUEq<UW>LUEMOHKJL?

�
E0

1 = E0
2
i ;

�



�S;)=)>@ACDTACZOUENVHlJLU�ZaMOUWA#>LDGzKUEFTUWA2ZaDTUW>LU�QL>XH7NVHdZaMCDTn��LHKNVDGFGZO?<>LDIHd>XH�b�UEM[ZaQLMCcXHKJXH



E1 0 a

0 E1 b

a∗ b∗ E2




JL?K>LJLU
E2 > E1

�X�pFTHKA#BoHK>eZODTJXHKJSUEA
a
�
b
AC?<>|FG?<A2UEFGUEN0UE>eZa?<A)JLUvNVHdZaMCDTn�JLUvFIHlb�UEM[ZaQLMCcXHKBEDGP<>

� AOQ~?KMOJLUW> JLU0N}HKqK>LDGZOQLJ�UWA�b�UE�wQLU��L?'MOUWAOb�UEB`Za?'JLU
E2 − E1

i ;�=)AOUVFIHpZaUE?KMOrIHtJLU0bYUWMCZOQLMOcXH �
BWDT?<>LUWA�JSUEF�BoHKAC?V>S?}JLUWq<UE>LUWMaHKJS?}bXHKMOH0BEHKFTBWQLFIHdM2FT?<A)HKQSZO?�zKHdFT?<MCUEA)H0ACUEq<QS>LJL?�?<MCJLUE> ; � ��A)UEACZOU
bLMC?(BWUEJLDGNVDGUE>eZa? BW?<MOMCUEBWZO?w� �,QLUEqK?~JLDTHKq<?<>XHdFTDTBWU�FIH NVHdZaMCDTn�� UE>SBEQLUW>wZOMOU'FG?<A0HKQSZO?�zdHKFG?<MOUWA7UE>
su?<MCN}H�U��SHKBWZaHS;���DT>LHKFTN0UE>eZaUd�dQSAOU)FIH�ZaUW?<MOrTH�JLU#bYUWMCZOQLMOcXHdBEDT?K>LUEA�H�AOUWq<QL>LJL?f?<MCJLUE>0bXHKMOHvUWFXBoHKAC?
JLUWq<UE>SUEMaHdJL?L; k ?<N0bXHKMCU�FT?<A�ZOMOUEA#MCUEAOQSFGZ]HdJL?<A#?<cSZOUE>LDGJL?<AE;

� ; k HKFGBEQLFGU}UWF�UWsuUWBWZa? � ZaHKM�� bXHKMOH'FT?<A�>LDGzKUEFGUEA 2s1/2
�

2s1/2
JLUWF2\dZO?<NV?|JLU � DGJLMOP<qKUE>L?'UW> QL>

BEHKNVb�?}UWF
�WBWZaMCDTBW?}AOQ	�XBEDGUE>eZaUWNVUW>wZOURJ �WcLDTF � UWA�JLUWBEDTM��wQLU
e|E|a0

UWA�bYUW�wQLU
�L?pBW?<N0bXHKMaHdJL?}BW?<>
FTH7BW?<>LA[Z]HK>eZaUfJLUvUEA[ZaMCQLBWZOQLMaH��X>XHS�XJL?K>LJLU

a0
UEA)UEF,MOHKJLDG?0JSU
��?<�LM i ; k ?<>LACDTJLUWMOUvQL>|b�?KZOUE>LBWDIHKF

b�UEM[ZaQLMCcXHdZaD{z<?7JLUvFIH�su?KMONVH
V = −ez|E|,

��QSAOUmBE?<>SAODTJSUEMaHdBEDT?K>LUEA�JLUmbXHKMCDTJXHdJ���UEF<ZOUE?<MCUENVH�JLU�� DTq<>LUWM ���mB��_HKM[Z�bXHKMOH2zKUEM-�wQLUmUEFTUWNVUW>eZaMO?KA
JLUlNVHdZOMODTn�JLU

V
AOU0HK>wQLFTHK>8; �@QSUEACZOMOU7�wQLU7UEF%BW?<MOMCDTN0DTUW>wZO?�JLUlUW>LUEMCq<rIHpUEAvFGDT>LUEHKF�UW> |E| ; ��HDG>wZOUEq<MOHKF8MOHKJLDIHdF �wQLUf>LUEBWUEAOD{Z]H7UEA

〈2s|r|2p〉 = 3
√

3a0.

� DGAOBWQSZ]H cLMCUWzKUEN0UE>eZaU FIHdA}BE?K>LAOUWBEQLUW>LBEDTHKA � AOD�FIHKA}�XHo� i JLU�FIH DT>ez<UWMOAODGP<> ZaUWNVb�?<MaHdF)UW> UEACZOU
bLMC?<cLFGUENVHS;

�S; hji � QLbY?K>LqeH7�jQSU�UWF-�LHKNVDGFGZO?<>LDIHd>L?�JLUfQL>"MO?KZO?<M#MOrGq<DTJL?lUW>@QS>|BoHdNVb�?7N}HKqK> �WZODTBE?7UWA)JSU�FTH
su?KMONVH

AL2 +BLz + CLy

ACD�AOUfJLUEACbLMOUWBEDIHd>|FT?KA�Z �EMCNVDG>L?<A2BWQXHKJLMO\dZaDGBE?<A#UE>"FT?KA)BEHKN0bY?<AW; � ACQLN0DTUE>SJL?V�wQLU B � C
�

QSAOU�FTH�ZaUE?KMOrIHvJLU)bYUWMCZOQLMOcXHdBEDT?K>LUEAmbXHKMOHf?KcSZaUW>LUEM�FT?<AmHKQ(Za?�zdHKFT?<MCUEAmJLU)FIH�UE>SUEMOqKrIHfHKF�?<MOJLUW>
NVHKA2cXH�^C?V>L?7>wQLFG?L;

x i"k ?K>LAODGJLUEMCU�FG?<A2UEFGUEN0UE>eZa?<A2JSUfNVHdZOMODTn
〈
n′, l′, m′

l, m
′
s

∣∣∣
(
3z2 − r2

)∣∣∣n,m,ml, ms

〉 � 〈n′, l′, m′
l, m

′
s|xy|n,m,ml, ms〉

JSU
QL>�\dZa?<N0?)BE?<>�QL>�UWFTUEB`ZaMCP<> � bY?<M-U�^CUWNVbSFT?L��HKFGBoHKFGDT>L? i ;o��ACBEMODGcXH�FTHKA�MOUWq<FIHKA-JLU�AOUWFTUEBWBEDGP<>
bLHKMaH

∆l
�
∆ml

�L�
∆ms

;��KQLACZOD��X�wQLUvAOQ@MOUWAObLQLUWACZaHS;

�



�S; k HKFGBEQLFGUmUEFwUWsuUWBWZa?�� UEUWN}HK>fBEQLHKJLMa\_ZaDTBW?�bLHKMaH#UEFwUEA[Z]HKJS?�suQL>LJLHKNVUW>eZ]HKFeJLUWFS\_Za?<N0?#JLU��SDTJLMCP<q<UE>S?
[
〈x|ϕ0〉 =

(
1/

√
πa3

0

)
e−r/a0

] � JSUEcLDGJL?tHKF�Z �EMON0DT>S?
e2A2/2mec

2 �,H�bLMCDTN0UEM�?<MOJLUW>8;,��AOBWMODGcXH
UWF,BE?<MCMODTN0DTUW>eZa?RJLUvUW>LUEMCq<rIHlBE?KNV?

∆ = −1

2
χB2

�p?KcSZaUW>LqeHlFIHlU`�(bLMCUEACDTP<>"bXHKMOH7FTHRAOQLACBEUWbSZaDGcLDTFGDTJXHKJtJLDTHKNVHKq<> �`ZaDTBEHS�
χ
; � �(QSJXH��

∫ ∞

0
e−αrrndr =

n!

αn+1

:��S;)��ACZODTN0U�FTH�UW>LUEMCq<rIHfJLUEFY>LDGzKUEF�suQL>LJXHKN0UE>eZaHKFYJSUEF�?<AOBWDTFIHdJL?<M�HKMON0P<>LDGBE?fQL>LDTJSDTN0UE>LACDT?<>XHdFLQLAaHd>LJL?
〈
x|0̃

〉
= e−β|x|

BW?<NV?lsuQL>SBEDTPK>"JSUfbSMOQLUWcXH0JSUfbLHKMa\KN0UWZOMO?RzdHKMCDIHKcLFGU
β
;��-UE>LqeH7UE>"BEQSUE>eZ]H7FIHlDT>eZOUEq<MOHKF

∫ ∞

0
e−αxxn dx =

n!

αn+1
.

:<:<;)��ACZODTN0U�UEF�HKQ(Za?�zdHKFT?<M
λ
N}HdA2cXH�^C?0JLUvFIHRUEBWQXHKBWDTP<>"JLDGsuUWMOUW>LBEDTHKF

d2ψ

dx2
+ (λ− |x|)ψ = 0, ψ → 0

bXHKMOH |x| → ∞
QLAOHK>LJL?0UEF,N �WZO?(JS?RzKHdMODIHdBEDT?K>XHKF BW?<>

ψ =




c(α− |x|) bXHKMOH |x| < α

0
bXHKMaH |x| > α

BW?<NV?7suQL>LBWDTP<>@JLU�bSMOQLUWcXH}JLU�bXHKMa\dNVU`ZaMO?0zdHKMODTHKBEDG?<>XHKF
α
;	��UW>LqeH}BWQLDTJXHdJL?}b�?<MO�wQLU

dψ/dx
UEA

JLDGAOBW?<>eZaDT>wQXHlUW>
x = 0

;X��QLUWJLUfbLMO?<cLHKMOACUf�wQLUfUEF8zdHKFG?<M�U��LHdBWZa?0JLUWF�HKQSZa?�zdHKFG?<M�UEA
1, 019

;
:��(; k ?<>SAODTJSUEMOU�UEF�?KAOBEDGFIHKJS?<M�HdMON0P<>LDTBW?VQS>LDTJLDGNVUW>LAODG?<>XHKF,JSU�suMOUWBEQLUW>LBEDTH ω0

� �wQLUlH
t < 0

UWACZa\}UE>
UWF,UEACZaHKJL?7suQL>LJXHdNVUW>wZaHKFg; � t = 0

ACUfUW>LBEDGUE>LJSU�QL>LH7b�UEM[ZaQLMCcXHKBWDTP<>

V (t) = F0x cosωt

JL?K>LJLU
F0

UEA�QL>XH|BW?<>LA[Z]HK>eZaUd; ��cSZOUE>Lq<H|QL>XH"U`�(bLMOUWAODGP<> bXHKMOH@UWF�zdHKFG?<MvJLU}U��Sb�UEB`Z]HKBWDTP<> 〈x〉BW?<NV?�suQS>LBEDGP<>7JLUEFSZODTUWNVb�?�QLAaHd>LJL?vFIH�ZOUE?<MCrIH�JLU#b�UEMCZOQLMOcLHKBEDG?<>LUEAmHdFL?<MOJSUE>0N}HKA�cXH�^C?v>L?v>wQLFT?L;
� ��A2zK\dFTDTJS?lUEACZOUvbLMO?jBEUWJLDTN0DTUW>wZO?lbXHKMOH ω ≈ ω0

�
:��S;)=)> ?<AOBWDTFIHdJL?<MRHdMON0P<>LDTBW?|QL>SDTJLDGNVUW>LAODG?<>XHKFmUEA[Z]\'UW>�UWF
UWACZ]HdJL?�suQL>LJXHKN0UE>eZaHKF
bXHdMaH

t < 0
; �

ZODTUEN0b�?<A�b�?<ACDGZaD{z<?<A�AOU�FG?RAO?<N0UWZOU�H�QL>LH�suQLUEnEHRJLUEb�UE>LJSDTUE>eZOU�JLUEF ZODTUWNVb�?�b�UEMC?lUEAObLHKBEDTHKFTN0UE>eZaU
QL>SDGsu?<MCNVU�UW>@FTHRJLDTMCUEBWBEDTPK>

x
JXHKJXHlb�?<M

F (t) = F0e
−t/τ

�



hji =)AaHK>SJL? FIH'ZOUE?<MCrIH�JLU|b�UEM[ZaQLMCcXHKBWDT?<>LUWAVJSUEb�UE>LJLDGUE>eZaU"JLUWF)ZODTUEN0b�?L�%?<cSZOUE>Lq<H FTH bLMC?<cXH �
cSDTFTDGJXHKJ JLU@UE>LBW?<>eZaMaHdM}UEF)?<ACBEDTFTHKJL?<MlUW> UEF)bLMCDTN0UEM7UEA[Z]HKJL?�U`�(BED{Z]HKJS? H�bLMCDTN0UEM7?<MCJLUE>8;
�"QLUEA[ZaMOUV�wQLUVUW>~UWF�FTrTN0DGZOU

t → ∞ �8FIHpU`�(bLMCUEACDTP<>�UEAfDT>LJLUWbYUW>LJLDGUE>eZaU7JLUWFmZODTUWNVb�?L; � ��A
UWACZO?VMOHKnE?<>LHKcLFTU�?0AO?KMObLMCUE>LJLUW>eZaU��

x i"� �-?(JLUWNV?KA)UW>LBE?K>wZOMaHKM)HKF,?KAOBEDGFIHKJS?<M�UE>"UEA[Z]HKJS?<A#U`�(BED{Z]HKJL?KA)JSUfNVHo�<?<M2UW>LUEMCq<rIH<�

: � ;)��F,�XHKN0DTF{Za?<>SDIHK>L?fJLUvQL>"AODGACZaUWN}HlJLUvJL?KA)>SDGz<UWFTUWA

H0 =



 E0
1 0

0 E0
2





UWA)b�UEM[ZaQLMCcXHKJL?0b�?<M2UEF,b�?KZaUW>LBEDTHKF

V (t) =



 0 λ cosωt

λ cosωt 0





JL?K>LJLU
λ
UEA)MOUEHKFg;

hji�� t = 0
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