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DFE�G
HFIKJMLONKPRQMPTSUIUVAWXV@QZY\[^]RSU_OV`NUPTPRJZWU[OIaDcbFd`PeIfSUI�PRJgYhViNKH�]eHFI
l = 1

E
jlknm IU]eSUPRIoYMQMP�Pe_&PRJgYhViNUHA]RHiI jmax p mjmax

PeI�YMqRQZr�L^IUHFJsNUPT_OHiJsPRJZY\ViNUHFJ |l, s, ml, ms〉
E

t knu JMP J− = L− + S−

WXViQMVwvFPRIUPeQ\ViQsYMH#NUHiJs_OHFJsPeJZYhV@NUHFJ |jmax, m〉 E
xyknu JMP:HFQZYMHFIUHFQZrzV@_OLONUViNzWXV@Q\VwPRIU]eHFIoY\QMViQ�PR_&PRJgYhViNKH |jmax − 1, jmax − 1〉 E{ knu JMP J−

WXV@Q\VwvFPRIKPRQ\V@Q�YMH#NKHFJs_OHFJsPeJZY\ViNUHFJ |jmax − 1, m〉 E
|}k�~ G
SX�@_�PeJ/Pe_U�@Vi_OHFQ�NUP�P��#W�Pe]eYhV@]RLO�iI�NUP Lz

PeI�Pe_XPRJZY\ViNUH�]RHFI
j = 1/2 p m = 1/2 � ~ G
SX�i_PeJ�Pe_9�@Vi_OHFQ
NUPTP��#W�Pe]eY\Vi]RL^�FIfNKP

Sz

PRI�PRJZP�PeJZY\ViNUH �
d#E��#P2L^IoY\PRIoY\V�JZSUr�ViQsLOrAWUSU_^JMHFJ
ViIUvFSU_OViQMPeJ

j1 = 1 p j2 = 1
WXViQMV���HFQMr�ViQ+PeJZYhV@NUHFJs]RHiI

j = 2, 1,

pA� E u J\ViIKNUH�_OViJ�QMPR_OVi]RL^HFIUPeJ�NKP�QZPR]RSKQMQMPeIU]RLOVK��P��#WUQZPRJMP�Y\HlNUHFJ�_OHFJ�ViS#Y\HlPRJZY\ViNUHFJ {j, m} � I�SUP��FP kPeI�YMqRQMrALOIKHFJ+NUPT_OHiJ |j1, j2; m1, m2〉
E m JM]eQML^�XVwJMS�QMPRJZWUSUPeJZYhVAPRI�_�V`��HFQZrzV

|j = 1, m = 1〉 =
1√
2
|+, 0〉 − 1√

2
|0, +〉, ...

NUHiIUNUP
+ p�� QZPRWUQZPRJMPeIoYhViI m1,2 = 1, 0

QMPeJMW�PR]eYML^�@VirAPRIoY\P@E
�KE�G
HFIKJMLONKPRQMP/NUHFJ�WXViQZYM[O]eSU_�ViJ']eHFI�PeJMWU[^I�DcbFd#E@G+Vi_^]RSU_^P�Y\HlNUHFJ)_OHFJ)]RHlPe�X]eLOPeI�YMPRJ NKP+G
_^PR�UJZ�#�g�2HFQMNUViI
W�HFQsNUHFJ�]RVir�L^IUHFJ+NKL^��PRQZPRIoY\PeJR�
jlknm JZ]RQML^�XV�_^HFJw�iP�Y\J�]RHFQZQMPRJZW�HiIUNULOPeIoY\PRJ�Va_OHFJwW�HFJML^�U_OPeJwPRJgYhViNUHiJ�NUP�PRJZWU[OI PRI¡_�V��XViJZPnNUP

V@SKY\HlPRJgYhViNUHiJCNKP
S2 p Sz

Y\HiY\Vi_ � YMQML^WU_OP�Y\P p JZLOIUvF_^PeYMP k
|s = 1, m = 1〉, |s = 1, m = −1〉, |s = 1, m = 0〉, |s = 0, m = 0〉,

PeI���SUIU]RL^�FI�NUP2_^HFJ+�iP�Y\JsPeI�_OV�QMPeWUQMPeJMPeI�Y\Vi]RL^�FI {m1, m2}
�#SUJ\ViIKNUH�_OHFJ+HiW�PeQ\ViNUHiQMPRJ

S± pHiQZY\HivFHFIXVi_^LONXV@N9E
t knm JZ]RQML^�XV�_�V`r�V@Y\QZLO¢!NUP 4 × 4 £ SUP:]RHFQZQMPeJMW�HFIUNUP:V�_�V`QMPeWUQMPeJMPeI�Y\Vi]RL^�FI¤NKPR_&HFW�PRQMViNUHFQ

S2 = S2
1 + S2

2 + 2S1 · S2

PeI¥_OV¦�XViJZP {m1, m2}
Es§&SUPevFH¨PRIU]eSUPRIoYMQMP©_�V¦r�V@Y\QZLO¢¤SKIUL^Y\ViQMLOV £ SUPaNUL�ViviHFIXVi_^LO¢yVaPRJgYhVr�V@YMQMLO¢@E ~}ª SUPRNKP�L^NUPRIoY\L«�X]yV@QsJMSUJCPR_^PRrAPRIoY\HFJ �
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� E���IU]e_OS p PRIUNKH�Pe_'Vi]RHFWK_�VirALOPeI�YMH`PRJZWU[OIl���FQZ�UL^Y\VK�KPe_&�XVirALO_^YMHFIULOViIUH:PR_OPe]eYMQM�FIUL^]RH�WXViQMVwPR_'�@YMHFr�H�NUP�UL^NUQM�ivFPRIUH�JZLOIn]yVirAW�HFJsP��lY\PeQMIUHiJ�PeJ

H = H0 +
2µ2

B

r3

L · S
~2

,

NUHiIUNUP
H0 = p2/2m − e2/r

� p�� QZPRWUQZPRJZPRIoYhVAPR_&PRJZWU[OI�NUPe_&PR_OPe]eYMQM�FI9E
jlknm �@Vi_��UPT_OHFJs]eHFIUr`SKY\ViNUHFQZPRJ

[H, L2], [H, S2], [H, J2], [H, Lz], [H, Sz], [H, Jz],

NKHFIUNUP
J = L+S

E ~ G
SX�i_lPRJ Pe_#]eHFI��ZSUIoY\H"rz�iJ)vFQMViIUNUP+NKP
PRJgY\HFJ�HFW�PeQ\ViNKHFQMPeJ � L^IU]R_^S p PeIUNUH
H k £ SKP�]eHFIUr`SKY\ViInr`SKYMSXVirAPRIoY\P �t k
	 �UHFQMVAJZP:PeIU]RL^PRIUNKP:SKIf]RVir�W�Hwr�VivFIUq�Y\LO]eHwP��lY\PeQMIUH

B = Bẑ
�UNKP:rAHlNUH £ SUPTJMP�VivFQMPevoVV@_&�XVirALO_^YMHFIULOViIUH:PR_9Y\qeQMrALOIUH

HB =
µB

~
B(Lz + 2Sz),

ª ViQ\V�PRJgY\P:]yViJZHU�XQMPeWUL^Y\V`PR_&WUSKI�YMH � V k E
�#E�G
HFIKJMLONKPRQMP�NUHFJ�WXViQgY\[O]eSU_�V@J�NKP"LOviSXVi_Xr�ViJ\VK� £ SUP�JMP"r�SUPe�iPRI�JZHF�UQMP�SUIXV:QMPR]�YhV�]eHFI�V@�UJM]eLOJ\V@J x1

p x2 p £ SUP:JMPTPRIK]RSUPeI�YMQ\ViIf�XV��ZHA_�VwVi]e]RL^�FInNUPTSUIfW�HiYMPRIU]eL�Vi_

U(x1, x2) =
1

2
mω2(x1 − a)2 +

1

2
mω2(x2 + a)2

jlknm JZ]RQML^�XV�_�ViJ"PR]RSUVi]RL^HFIUPRJ2NKP��P��sYMHFIa]RHFQZQMPeJMW�HFIUNUL^PRIoY\PeJ p ViIXVi_^LO¢eP�PR_�]RHFrAW�HFQZY\Vir�L^PRIoY\HNKPR_'JML^JZY\PerzV�Y\ViIoY\HAPRI�PR_&]RViJMHA]R_O�iJML^]RHw]RHir�H�PRI�PR_&]eSX�iIoY\L^]RHUE
t k �lSUW�HiIUvoVAVi�UHFQMV £ SUPTJZP�V@vFQMPevoVwSUI�YMqRQZr�L^IUH�Vi_&W�HiY\PeIU]RLOVi_ NUPT_OVw��HiQMr�V

V (x1, x2) = λmω2(x1 − x2)
2

� SUPRJgY\QMP £ SUP�_�ViJ:PR]eSXVi]eLOHFIUPeJ�NUP��P��sY\HFI6NUPe_/JZLOJgY\PRr�VfJZPzNUPeJ\Vi]eHFWU_OViI¦LOIoYMQMHlNUSU]RL^PRIUNKH_OViJ+�@ViQMLOVi�U_^PRJ
xCM ≡ 1

2
[x1 + x2] xR ≡ x1 − x2

p PRJM]eQML^�XVAPe_��"VirALO_«Y\HFIKL�ViIUH�NUPR_&JZLOJgY\PRr�VwSUJ\V@IUNUH�YhVir`�KLOPRI

pCM ≡ p1 + p2 pR ≡ 1

2
[p1 − p2]

xyk G+V@_O]RSK_OP�_OHFJ�]eHFIUr`S#YhViNUHiQMPRJ [xi, xj]
�
[xi, pj] p [pi, pj]

WXViQMV {i, j} = {CM, R} p QZPRJMSKPR_«��@V�Pe_�WKQMHF�U_^PRr�V�]eSX�iIoY\L^]RH�QZPRWUQZPRJZPRIoYhViIKNUH�_OHFJ�PRJgYhViNUHiJ+NUPR_�JML^JZYMPRr�V�]RHir�H�WUQMHlNUSU]�Y\HFJ/NUP
V@SKY\HlPRJgYhViNUHiJCNKP:HiJM]RL^_�ViNKHFQsViQZr��FIKLO]RH

|φ〉 = |nCM〉|mR〉

d



{ k�� Hi_^�lLOPeIUNUHAVi_9]RViJMHANUPT_OHFJsHiJM]RL^_�ViNKHFQMPeJsNUPRJMVi]RHFWK_�ViNUHiJR�Xr`SUPeJZYMQMP £ SUP

J1(2) ≡ ~a†

1(2)a2(1) Jz ≡
~

2

(

a†
1a1 − a†

2a2

)

N ≡ a†
1a1 + a†

2a2

JMV@Y\L^JZ� Vi]ePRI
[

Jz, J1(2)

]

= ±~J1(2)

[

J2, Jz

]

= 0 J2 =
~

2

2
N

(

N

2
+ 1

)

��IoYMPRQMWKQMPeYMP�PeJZY\HiJCQZPRJZSU_^Y\ViNUHFJeE
�KE�G
HFIKJMLONKPRQMP�SKI6JMLOJgY\PerzVf��HiQMr�ViNUH�W�HFQ`NUHiJ`WXViQgY\[O]eSU_�V@J�NUP�PeJMWU[^I DcbFd#E u I¨HF�UJZPRQg�iV@NUHFQ A

JMP
PeJMW�PR]RLOVi_OL^¢yVwPRIfr�PeNULOQ�_OViJ�]RHFrAW�HiIUPRIoY\PeJ"NUP:PRJZWU[OIfNUP:SUIXV�NKP�_OViJ�WXViQZYM[O]eSU_�ViJ

(S1x, S1y, S1z)
�

rALOPeI�YMQ\ViJ £ SUP�PR_�HF�UJMPeQZ�@ViNUHiQ B
r�L^NUP¤_OViJz]eHFr�W�HFIUPeIoY\PRJzNUP�PRJZWU[OI NKP�_�V�H@Y\Q\V¦WUViQZYM[O]RSK_�VKE

�#SKW�HFIKvoV £ SKPAJZP�J\Vi��P £ SUP�PR_�JML^JZYMPRr�V�PRJZY\��PeIaSUIaPRJZY\ViNUH�JML^IUvF_OP�Y\P`NKPAPeJMWU[^I9�9PeJ:NKPR]RL^Q £ SUP
Stotal = 0

E
jlk�~ G
SX�@_+PRJw_OV¤WUQMHi�XVi�UL^_OLONUViN<NUP £ SUP�Pe_+HF�UJZPRQg�iV@NUHFQ A

HF�#Y\PRIKvoV
S1z = ~/2

]eSXViIUNKH©Pe_
Hi�UJMPeQZ�@ViNUHFQ

B
IUH�Pe��Pe]eY �UV�rAPRNUL^]RLOHiIUPRJ ��� PRWUL«YhVwPR_&]R�i_O]eSU_^HwWXViQ\V S1x = ~/2

E
t knm _�HF�UJMPeQZ�@ViNUHiQ B

NUP�Y\PeQMrALOIXV©]RHFI ]ePRQgY\PR¢RV £ SUP�_�VaWXV@QZY\[^]RSU_OV¦daJMP�PeIU]RSUPeIoY\Q\V¦PeI SUI
PeJZY\ViNUH

S2z = ~/2
E ~�� SUq2WKSUPRNUPTNUPe]RL^QsJMHF�UQZPTPR_9QZPRJMSK_^YhV@NUH�NUPT_�V�rAPRNUL^]RL^�FI�NUP A

JML � � L k
A
rALONUP

S1z

� � LOL k A
rALONUP

S1x ��� SUJZYML^� £ SUP:JMS�QMPeJMWUSKPRJZY\VKE
	 E jlknm �@Vi_��UP

j
∑

m=−j

|d(j)
m,m′(β)|2m

WUViQ\V�]RSXV@_ £ SULOPeQ j � PRIoY\PeQMHAHAJZPRrAL«� PRIoY\PeQMH k E � PRQZL^� £ SUP:JMS�QMPeJMWUSUPeJZY\V�WXViQMV j = 1/2
E

t knª QZSUPR��P�WUViQ\Vw]RSUVi_ £ SUL^PRQ j

j
∑

m=−j

m2|d(j)
m,m′(β)|2 =

1

2
j(j + 1) sin2 β + m′2 1

2
(3 cos2 β − 1)


 	 p SUNXVK� m JZYMH`WUSUPeNUP"JZPRQ�WUQMHF�UViNUH�NKP�r`SK]h�XViJ
r�ViIUPeQ\ViJeE ª HFQ�P �ZPer�WU_^HU�oWUSUPeNUP"PeJZYMSUNUL�V@Q_OViJsWUQZHFWULOPeNXViNUPeJ�ViIoY\PTQMH@YhVi]eLOHFIUPeJ+NUP
J2

z

SUJMViIUNUHAPR_ _OPRIKvFSXV��ZP2NUPT_^HFJ
Y\PeIUJMHiQMPRJ�PeJZ��qRQZLO]eHFJ
L^QMQZPRNUSU]eLO�U_^PRJeE��

KE jlk G
HiIUJZYMQMS p VnSKI�Y\PRIKJMHFQ!PeJZ��qeQMLO]eH�NUP`QMViIUvFH�D`VzWXViQgY\LOQ�NUP`NUHiJ��FPe]eYMHFQMPeJ:NKL^��PRQZPRIoY\PeJ U =

(Ux, Uy, Uz) p V = (Vx, Vy, Vz)
E��"q�_OV���SUIU]eLO�FI<P��#WU_O[^]RL«YhVnNUP

T
(1)
±1,0

PRI<YMqRQZr�L^IUHFJ:NUP
Ux,y,z p Vx,y,z

E
t k G
HiIUJZYMQMS p V�PR_9YMPRIUJZHFQCPRJZ��qeQML^]RH�NUPTQ\ViIKvFH�dAVwWXViQgY\L^Q+NUP:NUHFJs�FPe]eY\HiQMPRJCNUL^JZY\L^IoY\HFJ U p V

E
��q2_�V�P��KWKQMPRJZLO�FInNUP"JMSUJs]eLOIU]eHw]RHFrAW�HiIUPRIoY\PeJ

T
(2)
±2,±1,0

PeI���SUIU]eLO�FI�NUP"_�ViJ/]RHFrAW�HiIUPRIoY\PeJ
NKP�_^HFJ
�FPe]eYMHFQMPeJRE

�



�KE�G
HFIKJMLONKPRQMPTSUInY\PeIUJMHiQCPeJZ��qeQMLO]eH�NKP:QMViIUvFHnD � PeJ�NUPR]eLOQR�XSKI��iPR]eYMHFQ k

V
(1)
±1 = ∓Vx ± iVy√

2
, V

(1)
0 = Vz

u J\ViIUNKH�_OV`P��#WUQMPeJML^�FI¤WXV@Q\V d(j=1) NXViNUVAPeIf_OV`vFSU[�V�ViIoYMPRQML^HFQR�#Pe�@Vi_��UP
∑

q′

d
(1)
qq′(β)V

(1)
q′

p r`SUPeJZYMQMP £ SUP+JZSUJ QZPRJMSK_^YhV@NUHFJ�JZHFI`_^HFJ £ SUP
PRJMW�PRQMViQM[OV"NUP/_�ViJ)WUQMHiWULOPeNXViNUPeJ�NUP
YMQ\ViIKJZ��HFQZrzVi]eLO�FINUP
Vx,y,z

ViIoYMP:QZHiYhV@]RLOHiIUPRJsQZPRJMW�PR]�Y\H�NUPR_&P �ZP
y
E

D � E jlk G
HiIUJML^NUPRQZPzSUIXVnWXViQgY\[^]RSU_OVnJZLOI©PRJZWU[OI©_OL^voViNXV�VnSUI<]ePRIoY\QZHf� �ZH�rAPRNULOViIoY\P�SUI<W�HiYMPRIU]eL�Vi_
]ePRIoY\QMVi_ E � PR_OVi]RL^HFIUP!_^H�rz� �#L^r�H`W�HFJZLO�U_^P!_OHFJsPe_OPer�PeI�YMHFJsNUPTr�V@Y\QZLO¢i�

〈n′, l′, m′| 1√
2
(x + iy)|n, l, m〉 p 〈n′, l′, m′|z|n, l, m〉,

S#Y\LO_^LO¢RViIUNUH �UIUL^]yVirAPRIoY\PfPR_�Y\PeHFQMPerzV©NUP�� L^vFIUPRQ�� m ]h� ViQZYRE m JgY\q�JZPRvFSUQZH¦NUPfPRJZY\Vi�U_^PR]RPeQ
]eHFQMQZPR]�YhVirAPRIoY\P £ SUqTPR_^PRrAPRIoY\HFJ�NUPTr�V@Y\QZLO¢!JZHFI�IUH�IlSK_OHFJeE

t k � PRWKL^YhVwPe_&WUSUIoY\H � V k SKJ\ViIUNKHA��SUIK]RLOHiIUPRJ�NUPTHFIUNUV Φ(x) = Rnl(r)Y
m
l (θ, φ)

E
DFDFE jlknm JZ]RQML^�XV xy

�
xz p (x2 − y2)

]RHFrAHA]RHFrAW�HiIUPRIoY\PeJ"NUP�SUIfYMPRIUJZHFQ"PeJZ��qeQMLO]eH � LOQMQZPRNUSK]RLO�K_OP kNKP�QMViIUvFHAd#E
t knm _9�@Vi_^HFQsNUPTP��#W�PR]eY\Vi]RL^�FI

Q = e〈α, j, m = j
∣

∣

(

3z2 − r2
)
∣

∣α, j, m = j〉
PeJ�]eHFIUHl]RL^NUHw]RHFrAH�PR_&rAHFrAPRIoY\Hw]eSXViNUQZSUW�Hi_�ViQeE m �iV@_ �UP

e〈α, j, m′|(x2 − y2)|α, j, m = j〉

� NUHFIUNKP m′ = j, j−1, j−2, . . . k PeI:��SUIK]RLO�iI:NKP Q p _^HFJ&]RHlPe�U]RLOPeIoY\PRJ)NUP/G
_OPe�UJM]h�l�g�2HFQMNXV@IV@WUQMHFWKL�ViNUHiJRE

�


