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<>=�?
@>ACBEDGFCHJIEHLKGMONPMRQEIEDTS!FUH
2 × 2

U =
a0 + iσ·a
a0 − iσ·aFU@VAUFUH

a0
HWB�XUAYA[ZUN\HJI]@�I]H^MVK`_Ca

a
HJB�XUAYb>HJcdQe@>I�FUHgfhcJ@>N\ij@>AUHJAkQEHJB�IEHJMVKGHWBJ=

lnmYo I]XUHJpjH�q[XUH U HWB/XCAUDTQeMVIEDGM�arXUAUDTN�@nFUXUKGMVIJ=
s mYt A�uVHJAUHWIeMVK`_4XUA4MPN�MRQeI]DGSvXUACDTQwMRIEDxMyXUACDGN\@#FUXCKxMVI+FCH 2 × 2

I]HJiUI]HJB]HJAkQwMzXUAUM�IE@RQwMVcWDG{>AYHJA
QEIEHWB/FCDGN\HJAUB]DG@>AUHWBJ= t AUcWXUHJAkQEIEHgHJK|H�}]HLazHJK&~VACu>XUKG@yFCHgI]@VQwMRcJDG{VAzi4MVIEM U HJArQe�WIEN\DGAU@>B
FUH
a0
arKxMVB
cJ@>N\i�@VAUHJAkQeHWB�FCHJK|b>HWcWQE@>I

a
=

�#= t Kj�4MVN\DGKTQE@>AUDGMVAU@vFUHWi�HWAUFUDGHWAkQeH!FUHWK7HWBEiU�TAzFUH"XCAzBEDTB]QeHWNPMgHJKTHJcWQEIE{>An��ij@>BED�QeIE{VAPHJAPiUIEHWBEHJACcJDxM�FUH
XUA�c^MRN�ij@yNPMRu>AU�WQEDGcW@yXUAUDT��@VIEN\H

Bẑ
_4iUXCHJFUHgHJB]cJIEDTpUDGI]BEHvcW@>N�@

H = AS(e−) · S(e+) +

(

eB

mc

)

(S(e−)
z − S(e+)

z )

� XCi�@>ACukMyqnXCH�KGM���XUAUcJDT{>AYFUHLHJB]iU�GA�FUHJK&B]DGB�QeHJN�MyHJB�Qw~hF4MVF4Myij@>I |+〉e− ⊗ |−〉e+
=

lnm��0t B��JB�QwMOXUA4MhMVX#Qe@V��XUACcJDG{VAzFUH H HJArHWK|KG�TN�D�QeH
A→ 0

_
eB/mc 6= 0 � � D�KG@OHWBJ_ � cJXU~VK7HWBHWK'MVXCQE@�bRMVKT@>I+FUHgHJACHJIEuV�xM � � D&AU@\KG@yHWBJ_ � cJX4~RK&HJB/HJK|bRMVKG@VI+FUHLHd�#ijHJcWQeMVcJDT{>A�FUH H �

s mY� HJiCDTQwMyHWK&iUIE@>pCKGHJN�MOcJXUMVAUFU@ eB/mc→ 0
_
A 6= 0

=
fC=�?
@>ACBEDGFCHJIEH;XUA4M/i4MVI]QE�GcWXUKxM�FUH
HWBEiU�TAP<>= t bRMVKGZCH;KT@>B�HWKGHWN�HWA[QE@>B)FUH
N�MRQeI]DGS�FUH Sz(Sz+~)(Sz−~)arFCH

Sx(Sx + ~)(Sx − ~)
BEDGA�XUBEMVI�KxMyIEHWiUIEHWBEHWA[QeMVcJDT{>A�NPMRQEIEDTcJDxMRK�FUH

Sx
=

� =�?
@>ACBEDGFCHJIEHLHWK&�4MVN\DGKTQE@>AUDGMVAU@�FCHgXCA�cWXUHJI]i�@\IE�Tu>DGFU@

H =
1

2

(

K2
1

I1
+
K2

2

I2
+
K2

3

I3

)

FU@VAUFUH
K
HJB
HJKjDGN\iUXUKGB]@gMVAUu>XUKGMVI�HJAzHWK�B]DGB�QeHJN�M�FCH"cJ@n@>I]FUHJA4MRF4MVB;��}]@OMVKjcJXUHWIEij@U=n��i4MRI]QeDTI�FUH

HWB]QwM�Hd�#iUIEHWBEDT{>Az@>pCQEHJAUu>M�KxMLHJcWX4MVcWDG{>A�FUH"N\@0b#DTN�DTHJAkQe@LFUH"��HWDGBEHWA[p�HWIEuOi4MRIeM
K
_ka�KTXUHJuV@��4MVKTKGH

KGMVB�HJcWX4MVcJDT@>AUHWB/FCHgN\@0bnDGN\DGHJAkQE@OFUH t XUKGHWI/HWA�HWK&KG�TN�D�QeH/cJ@>I]IEHJB]i�@VAUFUDGHWAkQeHV=
�#= � ?
X4~VKjHJB�HJKjBEDTu>AUD��4c^MVFC@�FUH�KxMLHJcWX4MVcJDT{>A U−1AkU =

∑

RklAl
_nFC@>AUFUH�KxMVB�QeI]HJB;cJ@>N\i�@VAUHJAkQeHWB

FUH
A
B]@>A�N�MRQeI]DGcJHWB � ��i4MVI�QeDGI�FUHrHJB�QwM�HJcWX4MVcWDG{>A|_�NOXUHJB�QeI]HrqnXCHrKG@>BOHWKGHWN�HWA[QE@>ByFUHrN�MRQeI]DGS

〈m|Ak|n〉
B]HLQEIeMVACB]��@>I]NPMVArcW@>N\@hbVHJcdQe@>I]HJBJ=

<



�C=�?
@>ACBEDGFCHJIEHyXCA�HJB]QeMVFU@�MVI]pUDTQEIeMVI]DG@ |α〉 FUHyXUA�B]DGB]QEHJN�MPFUHyHWBEiU�TA 1/2
_�BE@>pCIEHOHWK q[XUHyBEHhMViCKGDGcJM

XUAUM\I]@VQwMVcWDG{>ArHWA�XCA ~VACu>XUKG@
ϕ
MVKTIEHWFUHJFU@VI�FUHJK'H�}]H

z
_

|α〉R = exp

(

−iSzϕ

~

)

|α〉

lnm ?+MRKGcJXCKGH 〈Sx〉R
HJA�HJK7BEDGB�QeHWNPMOI]@VQwMVFC@U_CHWAY��XCAUcJDT{>AYFUHvKG@>B;bVMRKG@>I]HJB+FUHvH �#i�HWcWQwMRcJDG{VA 〈Sx〉a 〈Sy〉

HWA�HWK&BEDGB�QeHWNPMy@>I]DGu>DTA4MVK =
s m�� XUHJB�QeIEH�q[XUHLi4MVIeMyXUAUM\I]@VQwMVcWDG{>ArFCH 2π

HJA
ϕ
B]HgBEMRQeDTB]� MVcWH

|α〉R = −|α〉
� pUB]HJI�b>Hrq[XUHzAU@ BEHz@>p#QeDGHWAUHPHWK
N\DGB]N�@YHJB�QwMVFC@�FUHJpUDTFU@�M XCA � MVcWQE@>IgFUHP� MVB]HV= �0o XUHWFUH
@VpUBEHWI]bRMVIEB]HLHJB]QEHLHW��HJcdQe@ ��� H^M Phys. Rev. Let. ��� _7<
	k�Rf���<
��V� m @ Phys. Today � DGcR=<����	C_UiUMVuU=�� � =

�#= lnm�� BeMVACFU@ KxMRB�iUI]@>iUDTHJF4MVFCHJBPFCH cJ@VAUNOXCQeMVcJDT{>A a MVAkQeDTcJ@>ACNOXCQwMRcJDG{VA FUH�KxMVB\N�MRQeI]DGcJHWBhFUH
o MVXUKTD _UiUI]XUHJpjHLKxMyDGFCHJAkQeDTF4MVF

(σ · a) (σ · b) = a · b + iσ · (a × b)

FC@>AUFUH
a
a

b
BE@>A�FU@>B�bVHJcWQE@>IEHWB"cW@>N�iCKGH�}]@VB+HJAYQeI]HJB�FUDGN\HJACBEDG@VAUHJBW=

s m�� BeMVACFU@�� M m _CNOXUHJB�QeI]HvqnXCHgHWK&@>ijHJIeMRFU@>I+I]@VQwMVcWDG{>AriUMVIeMyXUAYBEDTB]QEHJN�MhFCHvHJBEiC�GA 1/2
HWAYKxM

pUMVBEH {|+〉, |−〉} BEHLiUXCHJFUHgHJB]cJIEDTpUDGI�cW@>N\@

D(n̂, φ) = exp

(

−iS · n̂φ
~

)

= I cos
φ

2
− iσ · n̂ sin

φ

2
FC@>AUFUH

I
HJB�KxMyN�MRQeI]DGS"DTFUHJAkQEDGF4MVF7=

�^mYt B]cJIEDTp4MhHd�#iUKG�TcJD�QwMVN\HJAkQeH"KxMyNPM�QeIEDTS!FUH 2 × 2
q[XUHgIEHWiUIEHWBEHJAkQeM�KxMOI]@VQwMRcJDG{VA D(n̂, φ)

=
� m � H^M n̂

HWK�bVHJI]BE@>I�FUHW�4ACDGFU@�i�@VIgKT@>Bg~VAUu>XCKG@>BLij@>KxMVI]HJBW=&�"iUKT�Gq[XUH\MVK��VHdQ |+〉 HWK�@>i�HWIeMVFC@>IFCH�I]@VQwMVcWDG{>A MVFCHJcJXUMVFU@ iUMVIeMY@>pCQEHJAUHWI�HWK�HWB]QeMVFU@ |S · n̂; +〉 _&q[XUH\IEHWiUIEHWBEHWA[QeM XUA HJBEiC�GA@VIEDGHWAkQwMVFU@hB]HJu>ZUA
n̂
=

�C=�?
@>ACBEDGFCHJIEH"KxM�B]HJcWXUHJAUcWDxMOFUH"IE@VQeMVcJDT@>AUHJB�FUH t XUKTHJI;FUH!XUAzB]DGB�QeHJN�M�FUH�HJB]iU�GA 1/2
I]HJiUI]HJB]HJAkQwMVFUM

ij@>I
D(1/2)(α, β, γ) = D(ẑ, α)D(ŷ, β)D(ẑ, γ)

lnm�� XUHJB�QeIEH�q[XUHLKxMON�MRQeI]DGS!FUH 2 × 2
q[XUHgIEHWiUIEHWBEHJAkQeM�HJB�QwMhIE@VQeMVcJDT{>ArHJB

D(1/2)(α, β, γ) = exp
(

−iσzα

2

)

exp

(

−iσyβ

2

)

exp
(

−iσzγ

2

)

=

(

e−i(α+γ)/2 cos β
2

−e−i(α−γ)/2 sin β
2

ei(α−γ)/2 sin β
2

ei(α+γ)/2 cos β
2

)

�



s m � HJpUDTFU@!M�KxMVB'iUI]@>iUDTHJF4MVFCHJB)FUHJK[u>I]XUi�@/FUH�KxMVB'I]@VQwMVcWDG@>ACHJBJ_�HWBEijHJIeMRN�@>B'q[XUH;HJB]QeM�B]HJcJXCHJAUcWDxMFCHz@>ijHJIeMRcJDG@VAUHJB�BEH^M�HJq[XUDTbRMVKTHJAkQeHPM XUA4M�ZUAUDGcJM IE@RQwMVcWDG{>A MVKGI]HJFUHWFU@>I�FUHzMVKTu>ZUA H�}]HzcW@>A
~RAUu>XUKT@

θ
= t AUcJXUHWAkQeIEH θ arKGMOFUDGI]HJcJcWDG{>AYFUHLFUDTcw�U@hH�}]HR=

C= lnm ?
@VAUBEDTFUHJI]HvXUArHJB�QwMVFU@�iUXUIE@yFCH!BEDTB]QeHWNPMRB
FUH!HWBEiU�TA�<��>��iCIEHJiUMVIeMVFC@>B+HJAz��@VIEN�M�DGFC�JAkQeDTc^MC=
� XUi�@VAUukM"q[XUH+KT@>B'bVMRKG@>I]HJB)FUH
H �CijHJcdQwMVcWDG{>A 〈Sx〉

_ 〈Sz〉
agHWK#B]DGu>AU@�FUH 〈Sy〉

BE@>AOcW@>AU@ncJDTFU@>BJ=
� ACFUDGq[XUHgcJ{>N\@hFUHWQEHJI]N�DTA4MVIE�GM�HJK&bVHJcWQE@>I/FUHLHJB]QeMVFU@U= �0o @>I�qnXC��AU@\HJB/AUHWcJHJBEMVIEDT@�cW@>AU@ncJHWI
KGMyNPMVuVAUDTQEXUFrFUH 〈Sy〉 �s m ?
@VAUBEDTFUHJI]H�XUA�HJB�QwMVFC@PN\D��nQe@yFUHgBEDTB]QEHJN�MVB�FUHgHJBEiC�GA <��>�#= � XUi�@VAUukMhqnXCH�KT@>B�iUIE@VN�HWFUDG@>B
[Sx]

_
[Sy]

a
[Sz]

B]@>AzcJ@VAU@#cWDGFU@VBJ= � AUFUDTqnXCH!cJ{>N\@�cW@>AUB�QeIEXCDGI�NPMRQEIEDTcJHJB�FUHWAUBEDTF4MVFrFUH
2× 2q[XUHgc^MRIeMVcdQeHJI]DGSWHJA�HJK&HJB�QwMVFC@U=

<
	C= lnmYo I]XUHJpjH q[XUH KxM HWb>@VKGXUcWDG{>A QeHWN�ij@>IeMRKvFUHJKL@>ijHJIEMVFU@>IYFUHWAUBEDTF4MVF
ρ
HJA HWKLHJBEq[XUHWNPM FUH

� cw�UI��nFUDGACu>HJI�HJB�Qw~hF4MVF4Myij@>I

ρ(t) = U(t, t0)ρ(t0)U
†(t, t0)

FC@>AUFUH
U(t, t0)

HWB�HWK&@>i�HWIeMVFC@>I�FUHLHWbV@>KGXUcWDG{>ArQEHJN\i�@>IEMVK =
s m � i4MVI�QeDTI)FCH;KGM/HWcJX4MVcWDG{>A�FUH � cw�UI��nFUDTAUu>HJI)i4MVIEM�HWKn@Vi�HWIeMVFU@VI

U(t, t0)
_�HJACcJXUHWA[QEIEH+KGM/HWcJX4M��

cWDG{>AyFCH � cw�UI��#FUDTAUu>HWI i4MVIEM"HJKU@Vi�HWIeMVFU@VI�FUHWAUBEDTF4MVF|= � ?
XU~VKUHJB�KxM"FUD���HJI]HJAUcWDxM���XUACF4MVN\HJAkQwMVK
cW@>A�KxMycJ@>I]IEHWBEij@>AUFUDTHJAkQeHLHJcWX4MVcWDG{>A�FUHg��HWDGBEHWA[p�HWIEu �

�^m � XUi�@VAUukM qnXCH M t = 0
QeDGHWAUH�XUA HJB�QwMVFU@ iUXUI]@U= � XCHJB]QEIEH q[XUH HWKvHJB�QwMVFU@ AU@ iUXUHWFUH

Hdb>@>KTXUcJDT@>A4MVI�M�XCAU@zN\D��nQe@\BED)KxMhHWbV@>KGXUcWDG{>A�QeHWN�ij@>IeMRK)HWB]Qe~PiUIEHWBEcWIEDGi#QwMPij@>I/KxMhHJcJXUMVcJDT{>A
FCH � cw�CI��nFUDGAUuVHJIJ=

<><>=�?
@>ACBEDGFCHJIEH XUA�HJB]QeMVFU@ FUH B]DGB�QeHJN�MVBYFUH HJB]iU�GA <>=��'M N�MRQeI]DGS�FUHWAUBEDTF4MVF�MV�U@>IEM HWB FUH
3 ×

3
= � ?
X4~VAkQe@VBgiUMVIe~VN\HWQEIE@>B�IEHJMVKGHWBvDGAUFUHWi�HWAUFUDTHJAkQeHWBvBEHyAUHWcJHJB]DTQeMVA MV�U@>IEMzi4MVIeMzcJMVIeMRcWQeHWIEDTS^MVI!KGM
N�MRQeI]DGS�FUHWAUBEDTF4MVF � �	� XU��HJB)AUHWcJHJBEMVIEDT@"cW@>AU@ncJHJI�MVFUHWNP~RB)FCH [Sx]

_
[Sy]

a
[Sz]

i4MRIeM�c^MVIEMVcWQEHJIEDTS^MVI
MVK7HJB]QeMVFU@\cJ@>N\iUKTHWQwMRN�HWA[QEH �

<��#= � HJM
J
XUA�@>ijHJIeMRFU@>IYFUH N�@VN�HWA[QE@ MVAUu>XUKGMVIrcJXUMVKGq[XUDTHJIeM#_�HJB�FUHJcWDGIYq[XUH B]XUB�cJ@>N\i�@VAUHJAkQeHWB

BEMRQeDTB]� MVcWHJA�KxMVB+I]HJKGMVcJDT@>AUHJB�FCHgcW@>AUNOX#QwMVcWDG{>A
[Ji, Jj] = i~εijkJk

=
lnm � HOFUHW�UAUHJA KG@VB�@>ijHJIEMVFU@>I]HJB!FCH�BEXCpUDGF4M\a p4M0}EMVF4MPHWA�KxMy��@>IEN�M J+ = Jx + iJy

a
J− =

Jx − iJy
= � HJN\@>B�QeIeMRI/KGMVB+B]DGu>XUDTHJAkQeHWB�iUIE@>iCDGHJFUMVFUHJB�


[J+, J−] = 2~Jz, [Jz, J+] = ~J+, [Jz, J−] = −~J−

J+J− = J2 − J2
z + ~Jz

J±|j,m〉 = ~

√

j(j + 1) −m(m± 1)|j,m± 1〉
J±|j,±j〉 = 0.

f



s m�� @>B]QEIeMVIvq[XUHycWX4MVKGq[XUDTHJI!HWB]QeMVFU@rFUH Jz
BEMRQeDTB]� MVcWH 〈Jx〉 = 〈Jy〉 = 0

_ja�q[XUHyBED�HJA cJDTHJI]QE@
HWB]QeMVFU@ |ψ〉 BEH/BeMRQEDGB]� MRcJH Jz|ψ〉 = ~m|ψ〉 _>HWA[QE@>AUcWHJB
B]@>pUI]H/HWBEH�HJB�QwMVFC@�HWKUbVMRKG@>I N\HJFCDG@vFUHKGM�iUI]@�aVHJcWcJDG{VA�FCHJK7DTN�iCXUKGB]@OMVAUuVXUKxMVI

J
B]@>pUIEH"XUA4MOFUDTIEHJcWcJDT{>A

n̂
q[XUH!��@VIEN�M�XUAY~VACu>XUKG@

θcW@>A�HJK&H�}]H
z
HJB 〈J · n̂〉 = ~m cos θ

= � AkQeHWIEiUI]HWQEH�HWK&IEHJB]XUKTQeMVFU@U=
<0fC=�?
@>ACB]QeI]XCakM#_)ij@>IgMViUKTDGcJMVcJDT{>A�FUHhKG@VBv@>i�HWIeMVFC@>IEHWB�FUHhB]XUpUDGFUMYa�FCH\pUM�}EMVF4MC_&KGMVBvN�MRQeI]DGcJHWBvq[XUH

I]HJiUI]HJBEHWAkQwMVA�MYKG@VBg@Vi�HWIeMVFU@VIEHJB
L2 _ Lx

_
Ly
_|a

Lz
HJA HJK�B]XUp�HWBEi4MRcJDG@�u>HJACHJIeMRFU@ ij@>ILKxMrp4MVB]H

{|1, 1〉, |1, 0〉, |1,−1〉} FCH;MRXCQe@nHJB�QwMVFU@VB)FCH L2 a Lz
= � HWIED��4q[XUH�Hd�#iUKG�TcJD�QwMVN\HJAkQeH�N�XUKTQEDGiUKTDGc^MRAUFU@KGMVB�NPM�QeIEDTcJHWB+KxMyIEHWKxMVcWDG{>A

[Lx, Ly] = i~Lz
=

lnmYt AUcWXUHJAkQEIEH\KxMzp4MVB]H {|l, my〉}
FUHhMVX#Qe@nHJB]QeMVFU@>BLFUH

L2 a Ly
FUHhFUDTcw�U@rBEXCp�HWBEi4MVcWDG@U= t B��

cWIE�Tp4MVKxMOcW@>N\@\cW@>NOpUDTA4MVcWDG{>ArKTDGAUHJMVK7FUHLKT@>B |l, m〉 =
s m � H^MhXUA�HWB]QeMVFU@\FUHJB]cJIEDTiCQe@\ij@>I�HJK|bVHJcWQE@>I

|ψ〉 =
1√
2

(|1, 1〉 − |1,−1〉)

� D�B]H"N\DGFUH
Lx
_ � q[XU�/bRMVKG@>I]HJB�iUXUHWFUHJAz@VpCQeHWAUHJI]BEH"a\cJ@VAPq[XU�!iUI]@>p4MVpCDGKGDTF4MVFUHWB � � HWiUDTQeM�HJKcJ~VKGcWXUKG@hB]D&BEHLN�DTFUH

Ly
=

�^m � @>pUIEHvHWK|HJB�QwMVFC@ |ψ〉 B]HvN�DTFUH Lz
azBEHL@>p#QeDGHWAUH

~
_#HvDGAUN\HJFCDxMRQeMVN�HWAkQeH"FCHJBEiCXU�JB/BEHvN\DGFUH

Ly
= ��� XC�LbRMVKT@>IEHWB�iUXUHWFUHJA�@>pCQeHWAUHJI]BEHLarcJ@VA�q[XU�giUI]@>p4MVpUDTKGDTF4MVFUHWB �

< � = � APMVX#Qe@nHJB]QeMVFU@LFUH/N�@VN�HWA[QE@LMVAUu>XCKxMVI |j, j〉 BEH�IE@VQeMvHJAPXCAP~VACu>XUKG@vDTAC�4AUD�QeHWBEDGN�MVK ε MRKGIEHWFUHJFC@>IFUHWK'H�}]H
y
= � DTA XUBEMVI�H �#iUKG�TcJD�QwMVN\HJAkQeHLKGMh��@>I]NPMyFUH�KxMO��XUAUcWDG{>A

d
(j)
m′m

_�@>pCQEHJAUu>M�XUA4M\Hd�#iUI]HJBEDT{>A
i4MRIeMhKxMyiUIE@Vp4MVpUDTKGDGFUMVFrFUHLq[XUH�HWK&AnXCHWb>@PHJB]QeMVFU@�IE@VQeMVFU@\BEHgHJAUcWXUHJAkQeI]H�HWA HJK'HWB]QwMRFU@�@VIEDGuVDGA4MVK`_
�4MRB]QwMOQE�JIEN\DGAC@>B�FUHL@>IEFCHJA

ε2
=

<��#= � XCHJB]QEIEHYq[XUHrKxMRB�N�MRQeI]DGcJHWB�FUH 3 × 3 Gi
�
i = 1, 2, 3 m cWXCa>@>BhHWKGHJN\HJAkQE@>BOHJB�Qw~VA F4MRFU@>BOij@>I

(Gi)jk = −i~εijk
_[FU@>ACFUH

j
a
k
BE@>AP�GAUFUDTcJHWB�FCH��4KGMLahFUH�cJ@>KTXUN\A4MC_>BEMRQeDTB]� MVcWHJAPKGMVB�IEHJKGMVcJDT@>AUHWB

FUH�cJ@>ACNOXCQwMRcJDG{VA FUHWK�N\@>N\HJAkQe@�MVAUu>XCKxMVIW= � ?
XU~VK�HWB!HJK)BEDTu>AUD��4c^MVFC@\���TBEDGcW@���@Pu>HW@>N\�WQeI]DGcW@ m FUH
KGM�QeIEMVAUB]��@VIEN�MVcJDT{>A N�MRQeI]DGcWDxMVK�q[XUHrcW@>AUHJcdQwM M

Gi
cJ@>A�KGMVB�I]HJiUI]HJB]HJAkQwMVcWDG@>ACHJBhFUH
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