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BD;RQO;[ZDHKJLW\:�JVHK]K;O^UM?>AZD:�B`_aMTBUC?;O:
QO;=>Nbc:8CXJ�B

B
BD;�EdHe@=>AC?BUZDZU>Af8;

z

H = −
(

eB

mc

)

Sz = ωSz.

gah[i BUC?>kjIlmQOB�lmQOBnEA:8<RHoQ=MT:aBD<SMpHK@O:K<[@OB Sz |+〉 q |−〉 <?:8;rMTHKJesO>N^D;tHKQ=M?:#BU<XMTHK@O:8<[@=B�EdH
BU;OBDCX]8YdH#u q ZvHoEAZDQ=EABwEA:K<xZD:8CXC?BD<XW\:K;O@O>ABU;yMTBD<�HKQ=M?:{zKHoEA:8CXBD<D7

| h�} QOW\:K;O]yH~lmQOB[BU; t = 0
BUE
<?>N<XM?BDJ�H4BD<SMp�~@=BD<?ZUC?>NW=MT:�WG:8C |α〉 = 1√

2
(|+〉 + |−〉) u�lmQOBZU:8C?CXBD<XW\:8;=@OB!HKEIBU<XMTHK@O:

Sx+
7a9+HKEAZUQOEAB�BUEG�oBUM�@OB�BD<SMpHK@O: |α, t〉 BD;VQ=;V>A;=<XMpHo;mM?B�W\:8<SMTBUC?>A:KC

t
7

�vh 9+HoEAZDQ=EAB�EAH�WOCX:8sIHKsO>NEA>N@IHK@�@=B�FIHKENEdHKC�HKE�<?>A<SMTBUJVH�BU;rEA:8<�BD<XMTHK@O:8<
Sx+ q Sx−

BD;tQO;
>N;O<XMTHK;yMTBPWG:8<XM?BDC?>N:8CD7

� h 9+HoEAZDQ=EABwBDE�zoHKEN:8C+@OBPB�_=WGBDZ`MpHKZU>Af8; 〈Sx〉
BU;�bcQO;=ZD>AfK;�@=BDE�MT>NBDJLW\:��d�G�T� � �p�`����� � �`���p���G��� h 7

� h�� ;OZUQOBD;yM?C?BVBU;�bcQO;=ZD>AfK;0@=B t
BDE z8BUC?<X:8C

n̂
MTHKE�lmQOB |α(t)〉 BU<�HoQ=MT:aBD<SMpHK@O:�@OBUE�:8W\BUCTHK@=:8C

S · n̂(t)
7

�#7�9
:8;=<?>A@=BDC?BPEAHe<?>A]KQO>ABU;mM?BwzKHoC?>dHo;mM?Bw@OBDE&FOHKJ�>NENM?:8;O>dHo;O:�@=B2Q=;4<X>A<XM?BDJ�H�@OBP@O:8<�;O>NzKBDENBD<D�

H = H11|1〉〈1| + H22|2〉〈2| + H12|1〉〈2|

gah�� � QO^PWOCX>A;OZU>AWO>N:ez#>N:8EdH�@O>AZpFO:�¡"HoJ�>NENMT:K;O>dHK;=:m¢
| hR£ ;yM?BD;yMTB!CXBD<X:8ENzKBDC
BUE\W=C?:8sOENBDJ�H2@=BDWG@OBD;O@=>ABD;yM?B"@OBUEGM?>ABDJLWG:�ZU:8;VBU<XMTB"FIHKJL>AENM?:8;O>AHK;O:O7=� } Qa¤

WG:8;O]8H
H11 = H22 = 0

W\:8Cx<X>AJLWOEA>NZD>N@IHK@ h 7
¥=7 } BDH x(t)

BDE.:8WGBDC?HK@O:8CwZU:#:8CX@OBD;OHK@IH�WIHKCTHRQO;OH�WIHoCXMTYNZDQOEAHREA>As=C?BeBU;¦QO;IH�@O>NJ�BU;O<?>Nf8;�BD;0BDE.BD<�¤
lmQOBUJVH�@OB2¡�BU>A<XBD;ms\BUC?]O7 � zoHKEA§=B

[x(t), x(0)]

¨ 7�9
:8;=<?>A@=BDC?BPQO;OHLWIHoCXMTYNZDQOEAHeBD;�MTCXBD<�@O>AJLBD;=<?>A:K;OBD<xZUQ q :LFIHKJL>AEkMT:8;O>AHK;O:�BD<XMT�L@OHK@O:©W\:KC

H =
p2

2m
+ V (x)

6



gah 9+HoEAZDQ=EdHK;O@=: [x · p, H]
:8s=MTBU;O]yH

d

dt
〈x · p〉 =

〈

p2

m

〉

− 〈x·∇V 〉

ª HKCTHL>A@OBU;yMT>NjOZvHKC�EdH�C?BUEdHKZU>Af8;4HK;yMTBUC?>N:8C�ZD:8;4BDE)HK;I�KEN:8]8:©BD;4J�BUZv�K;=>AZvH©ZDQO�K;yMT>AZDH�@OBUE&MTBD:�¤
CXBDJ�H�@OBUE�za>NC?>dHoE�u CXBD<?Q=ENMpH0BD<XBD;OZU>dHKE�lmQOB~BUE�JL>ABUJesOC?:n>N«DlmQO>ABUC?@O:�<?BDH¦;mQOEA:O7 �{¬ H ­X:�lmQO^
ZU:8;O@O>NZD>Nf8;�:#ZUQOC?CXB2^U<XM?:m¢

| h ª HKCTH�BD<SMTB.ZvHo<?:�BD;2WIHKCSMT>AZUQOEdHoCDu`ZD:8;O<X>A@OBUC?B.QO;PWG:KMTBU;OZD>AHKE8FO:8JL:8]8^U;OBD:x@=B�]KCTHK@O: α
uvBD<'@OBUZD>NC

V (λx) = λαV (x)
7�®";OHKEA>NZDBPEA:8<�ZDHK<?:8<�WIHKCSMT>AZUQOEdHoC?BD<

α = −1
�¯WG:KMTBU;OZD>AHKE'@OBe9
:KQOEA:KJes h

q α = 2
�¯:8<XZD>AEAHK@O:8C
HKC?JLf8;O>NZD: h 7

�vh��{� <
BUE�:8W\BUCTHK@=:8C
x · p FOBUC?JLYNM?>AZD:y¢�°�BDWO>kMpHPBDE�Zv�oEAZDQ=EA:PC?BDHKEA>N«vHK@O:PBU;��±H h WOHKCTH [p · x, H]

7
� ª QOBU@OB+ZD:K;O<XM?C?QO>NC)Q=;�HK;I�KEN:8]8:�ZDQO�K;yMT>AZU:�@=BDEaWOC?:a@OQOZ`MT:"ZUEd�K<X>AZU: x · p lmQOB
<XBvH�F=BDC?JLYNM?>AZU:m¢

²#7�9
:8;=<?>A@=BDC?BPQO;�WIHolaQ=BUMTB2@OBP:8;O@OHK<xZD:8CXC?BU<?WG:8;O@O>NBD;yMTB2H�EdHeWIHoCXMTYNZDQOEAHeEA>NsOC?B!Q=;O>A@O>NJ�BU;O<?>N:8;IHKE±7m®
t0
BD<SMTB2<THoM?>A<Xb¯HoZDBwEdHeCXBDEAHKZD>Nf8;�@OBP>A;OZUBDCXM?BD«DH©JLYA;=>AJ�H

〈

(∆x)2
〉 〈

(∆p)2
〉

=
~2

4
(t = t0),

q Ho@OBDJ��K< 〈x〉 = 〈p〉 = 0
�
t = t0

h 7
9+HKENZDQOENB 〈(∆x)2〉 BD;�bcQO;OZU>Af8;�@=BDE=M?>ABDJLWG:O7 ª QOBU@OB�Q=MT>NEA>N«vHKC)EdH"ZU:8;O@O>NZD>Nf8;e@OB�>A;=ZDBDCSMTBU«vH!JLYA;O>NJVHWIHoCTH�QO;�WIHKlmQOBUM?B�@=B2:K;O@IHK<�� ª CX:8sOEABUJVH[6{²#u ª CT�KZ`MT>NZvHR6 h 7

³=7 } BDHK; |a′〉 q |a′′〉 HoQ=MT:aBD<SMpHK@O:K<w@OB�QO;n:8WGBDCTHo@O:8C!FOBUC?JLYNM?>AZD: A
ZD:8;nHoQ=MT:{zoHKEA:KC?BD<

a′ q a′′ CXBD<�¤
WGBDZ`MT>NzoHKJLBD;yM?BL�

a′ 6= a′′ h 7 � E&:KW\BUCTHK@O:KCxFIHKJL>AENM?:8;O>AHK;O:�BU<XMT�L@IHo@O:©W\:8C

H = δ (|a′〉〈a′′| + |a′′〉〈a′|)

@O:K;O@OB
δ
BD<�QO;�;m§OJ�BUC?:©C?BDHKE�7

gah 9
EAHKCTHoJ�BU;mM?BKu |a′〉 q |a′′〉 ;O:V<X:8;�HKQ#MT:aBD<XMTHK@O:8<�@OBDE)FIHKJL>AEkMT:8;=>dHK;O:=7 � <?ZUC?>NsIHVEA:K<�HoQ=MT:aBD<�¤MTHK@O:8<�@OBUE&FIHKJL>AEkMT:8;O>AHK;O:O7 � 9
QI�KENBD<�<?:K;4<XQO<�HKQ=MT:{zoHKEN:8C?BU<x@OBPBD;OBUC?]8YAHy¢
| h�} QOW\:K;O]yHwlmQOB�<XB�<THKsGB�laQ=B�BUEO<?>N<XM?BDJ�HPBU<XMT�2BU;�BUEOBD<SMpHK@O: |a′〉 H t = 0

7 � <XZDC?>NsIHwBDEOzKBDZUM?:8C
@=B�BU<XMpHo@O:©BD;~BUE�BD<XlmQOBDJ�H�@OB } ZpF=C?´a@O>A;O]KBDCxWIHKC?H t > 0

7
�vh�� 9
QI�oE&BD<�EdHeWOCX:8sIHKs=>AEA>N@IHK@�@OBPBD;OZU:8;yMTCTHoC�HoE�<?>N<XMTBUJVHeBU; |a′〉 WIHKC?H t > 0

<X>&<?Bw<THos\BPlmQOB
BU<XMT�LBU;~BDEµBD<XMTHK@O: |a′〉 H t = 0

¢
¶ 7�·�;IHRZvH ­?H�ZD:8;yM?BD;O>NBD;O@O:�QO;IHRWIHoCXMTYNZDQOEAH[BD<P@O>kz#>N@O>A@OH[BD;0@O:8<PZD:8JLWIHKCSMT>NJ�>NBD;yMT:8<e�¯>N«DlmQO>ABUC?@O: q@OBUC?BUZpFO: h HwM?CTHvz8^U<
@OB�QO;L<?BUWIHKC?HK@O:8C�jI;O:=7 } >I<?B�<THos\B�lmQOB�EdHwWIHKCSMTYAZUQOEdH!BU<XMT�2@OBUEIEdHK@=:2@=BDC?BUZpFO:

�



�c>A«DlmQO>NBDCX@O: h ZD:K;�ZUBDCXM?BD«DH=umBDE�BD<SMpHK@O:2<?B�C?BUWOC?BU<?BU;mMTH�WG:8C�BDEGHKQ=M?:#BU<XMTHK@O:2@OB�W\:8<X>AZU>Af8; |R〉 � |L〉 h u@O:K;O@OBV<XB�FOHK;¦@OBU<?WOCXBDZU>dHK@O:4zKHoC?>dHoZD>A:K;OBD<PBD<XWIHKZU>dHKENBD<2@OBD;yMTCX:~@OB�ZvHK@OH4JL>NMpHo@0@=BVEdHRZDH ­?H=7 � E
zKBDZUM?:8C�@OBPBD<SMpHK@O:LJ��K<x]8BD;=BDCTHoE&WOQOBD@=B�<XBDC�BD<XZDC?>kMT:LZD:8JL:

|α〉 = |R〉〈R|α〉 + |L〉〈L|α〉

@O:K;O@OB 〈R|α〉 q 〈L|α〉 WOQ=BD@OBU;¸<?BDC�ZD:8;O<X>A@OBUCTHK@OHK<�ZU:8J�:�bcQO;OZU>A:8;OBU<�@OBV:8;O@IH=7)¹'H~WIHoCXMTYNZDQOEAHWOQ=BD@OB�º±»a�µ�`�A� g �©H©M?CTHvz8^U<"@OBUE'<?BDWOHKCTHK@=:8CD¼�BD<SMTB2BUbcBUZUMT:LMT§O;=BDE'BD<�ZvHKC?HKZUM?BDCX>A«vHo@O:�WG:8C�BDE'FIHoJ�>NEk¤
M?:8;O>dHo;O:

H = ∆ (|L〉〈R| + |R〉〈L|)
@O:K;O@OB

∆
BD<�QO;�;m§OJLBDC?:LC?BDHKE�ZU:8;4@=>AJLBD;O<X>A:8;OBU<x@OBPBD;OBUC?]8YAH=7

gah�� ;OZUQOBD;yM?C?B[EN:8<2HKQ=MT:aBD<SMpHK@=:8<P@OB�BU;OBDCX]8YdH�;O:8CXJVHoEA>A«DHK@O:8<U7 � 9
QI�KENBD<P<?:K;¦EA:K<�HoQ=MT:{zoHKEA:KC?BD<
@=B�BU;OBDCX]8YdHeZU:8C?CXBD<?WG:8;O@=>ABD;yM?BD<p¢

| h�� ;�BUE.BD<?lmQOBUJVH4@OB } ZpFOC?´a@O>A;=]8BDC2EA:8<P�oBUMT<�sIHK<XB |R〉 q |L〉 BD<SMp�K;¦j�­X:8< q BUE�zKBDZ`MT:8C2@OBBU<XMTHK@O:�zoHKCXYdH�ZU:8;½BUE+MT>NBDJLW\:O7 } QOWG:8;O]yHnlmQOB�BDEx<?>N<XM?BDJ�HnBU<XMT�0@IHo@O:�WG:8C�BUE |α〉 @OHK@O:Ho;mM?BDCX>A:8CXJ�BU;mM?B�H
t = 0

7 � ;OZUQOBD;yMTCXBeBDE&zKBDZUM?:8C"@=B�BU<XMpHo@O: |α, t〉 WIHKC?HLQ=;4MT>NBDJLW\: t > 0HoWOEA>NZvHK;O@=:©H |α〉 BUE&:8W\BUCTHK@=:8Cx@OBPBUzK:8EAQOZU>Af8;RM?BDJLW\:8C?HKE&HKW=C?:8WO>AHK@O:O7
�vh�} QOW\:K;O]yH�lmQOB�H t = 0

EdHnWIHKCXM?YAZUQOEdHnBD<SMp�¦@OBUE�EdHK@O:0@OBUC?BDZpF=:¸ZD:8;½ZDBDCSMTBU«vH=7 � 9
QO�KE�BD<
EAH[WOC?:KsIHKsO>NEA>A@OHK@�@OB�:8s=<?BDCSzoHKCPHREdH[WIHKCSMTYNZDQOEAHVBD;nBDE�EAHK@O:R>N«DlmQO>ABUC?@O:RZU:8JL:[bcQO;OZD>Nf8;�@OBUE
M?>ABUJ�WG:m¢

� h�� <XZDC?>NsIHxEdHK<µBDZDQOHKZD>N:8;OBD<'@OB } ZpFOC?´a@O>A;=]8BDC'HKZU:8WOEAHK@IHK<�WOHKCTH+EAHK<µbcQO;OZU>A:8;=BD<&@OB�:8;=@IH 〈R|α, t〉
q 〈L|α, t〉 7=¾4QOBD<SMTCXB�lmQOBwEAHK<+<?:KEAQOZU>A:8;OBU<+@OBPEdHo<+BDZUQIHKZD>N:8;OBU<x@OB } ZpFOCX´#@O>N;O]8BUC�HKZD:8W=EdHK@IHo<<X:8;�EA:©lmQOBPBD<?WGBDC?HKC?YAH�@OBDE&WOQ=;mM?:��cs h 7

� h�} QOW\:K;O]yH©laQ=B2WG:8CxBUC?C?:KC�<XBPBD<?ZUC?>NsO>Af H
ZD:8JL:

H = ∆|L〉〈R|

°�BD<X:8ENza>NBD;O@O:�BDEyW=C?:8sOENBDJ�H+@OB.BUzK:8EAQOZU>Af8;wM?BDJLW\:8C?HKEKJ��K<&]8BU;OBDC?HKEyZD:K;�BU<XMTB�FIHKJL>AEkMT:8;=>dHK;O:=u
J�QOBD<SMTC?B2lmQOBP<?BPza>A:8EAH�EdH�ZD:K;O<?BUCXzoHKZD>Nf8;�@OBPEdH�WOCX:8sIHKsO>NEA>N@IHK@�7

¿=7�9
:8;=<?>A@=BDC?BPQO;�:8<XZD>AEAHK@O:8C+HKC?JLf8;O>NZD:�BD;�QO;IH�@O>NJ�BU;O<?>Nf8;�7

gah ·�<THK;=@O:
a =

√

mω

2~

(

x +
ip

mω

)

, a|n〉 =
√

n|n − 1〉,

a† =

√

mω

2~

(

x − ip

mω

)

, a†|n〉 =
√

n + 1|n + 1〉

¥



B`zoHKEA§OB 〈m|x|n〉 u 〈m|p|n〉 u 〈m| {x, p} |n〉 u 〈m|x2|n〉 q 〈m|p2|n〉 7
| h 9
:KJ�WOCXQOBDsGBVlmQOB�<?B�ZDQOJLWOEABLBDE.MTBU:8C?BUJVH�@OBUE�za>ACX>dHKE�WOHKCTH�EA:8<wzoHKEA:KC?BD<2@OB�B`_#W\BUZUMTHKZD>Nf8;

@=B�EAH�BD;OBUC?]8YAHnZU>A;O^`MT>NZvH q WG:KMTBU;OZD>AHKE
M?:8JVHo@O:8<�ZD:K;ÀCXBD<XW\BUZUMT:¦H�QO;�HoQ=MT:aBD<SMpHK@O:n@OB�EAH
BU;OBDCX]8YdH#7

Á=7�·�MT>AEN>A«DHK;O@O:+EN:8<�CXBD<?Q=ENMpHo@O:8<&@OBUEyB�­XBDCXZD>NZD>A:�Ho;mM?BDCX>A:8CUuvJeQOBU<XMTCXB.laQ=B�EN:8<&HKQ#MT:aBD<XMTHK@O:8<'@OBUEy:8<?ZU>AEAHK@O:8C
HKCXJ�fK;O>AZU:eQO;O>N@O>AJLBD;O<X>A:8;OHKEµ<?HoMT>N<Xb¯HKZUBD;�EdHe<?>N]8QO>NBD;yMTBwCXBDEdHoZD>AfK;�u

〈

(∆x)2
〉 〈

(∆p)2
〉

=

(

n +
1

2

)2

~
2

� � QO^[:aZDQOCXC?B[WOHKCTH n = 0
¢ � � QO^[ZD:K;O@O>AZU>Af8;�>AJLW\:K;OBVBU<XMT:�<X:8sOCXB[EdH�bcQO;OZD>Nf8;¸@OB[:K;O@IH~@OBUE

BU<XMpHo@O:LbcQ=;O@IHKJLBD;yMpHoE�¢
6{Â=7�·�<THK;O@=:�BUE�:8<?ZU>AEAHK@O:8CxHoC?JLf8;O>AZU:eQO;O>N@O>AJLBD;=<?>A:K;IHKEGZD:8JL:�B�­XBUJ�WOEN:Ou=>NEAQO<SMTCXBwEdHe@O>kbcBDC?BU;OZD>AHeBD;yMTCXB

EN:8<
BU<?lmQOBDJ�HK<�@OBw¡�BD>N<?BD;msGBDCX] q } ZpFOCX´#@O>N;O]8BUCD7OÃ�>A<?ZUQ=MpHeBU;RWIHKCSMT>AZUQOEdHoC
ZDfKJ�:eB`z8:8ENQOZD>N:8;IHK;VBD;BUE�MT>ABUJ�WG:�BD;4HKJesG:8<xBU<?lmQOBDJ�HK<U�

gah EAHK<+zoHKC?>AHKsOENBD<x@O>N;I�KJL>AZvHo< x q p
u

| h BUE�z8BUZUMT:KC�@OBPBU<XMpHo@O:�J��K<x]8BU;OBDC?HKE�7
68687�·�<THK;O@=:�lmQOB

a|0〉 = 0 q a†|0〉 = |1〉 uy:8s=MTBU;O]yHPEdHK< bcQ=;OZD>N:8;OBD<.@OB�:8;O@OH2WIHoCTHwBDE�BD<SMpHK@=:2bcQO;=@IH�¤JLBD;yMpHoE 〈x|0〉 q BDE&WOCX>AJLBDC+BU<XMTHK@O:LB`_#ZD>kMpHK@O: 〈x|1〉 @OBDE&:K<?ZD>NEdHK@=:8CxHKCXJ�f8;=>AZD:�QO;O>A@=>AJLBD;O<X>A:8;IHoE�7
6 �#7 gah ·�<THK;=@O:

〈x′|p′〉 = (2π~)−1/2 exp

(

ip′x′

~

)

W=C?QOBUs\B2lmQOB
〈p′|x|α〉 = i~

∂

∂p
〈p′|α〉

| h 9
:K;O<?>N@OBDCXB�QO;�:8<?ZU>AEAHK@O:8C�HKC?JLf8;O>NZD:LBD;�QO;OH[@O>AJLBD;O<X>Af8;µ7 ª HKCXM?>ABU;O@O:[@OB�EAH�BUZDQIHKZU>Af8;~@OB
} ZpFOC?´a@O>A;=]8BDCeWOHKCTH�BUE�z8BUZUM?:8C�@OBRBD<SMpHK@=:OuÄ@OBU@OQO«UZvH�EdH~BUZDQIHoZD>AfK;¸@OB } ZpFOCX´#@O>N;O]8BUC�WIHKC?H
EAH�bcQO;OZU>Af8;~@OB�:8;O@IH�BD;nBDE�BD<?WOHKZD>N:R@OBeJL:8J�BU;yMT:8<e�cMTBU;O]yH[ZUQO>A@IHo@O:[BD;n@O>N<XM?>A;O]8Q=>AC�sO>ABU;
HoEÄ:8WGBDC?HK@O:8C

p
@OBe<XQnHKQ=MT:{zoHKEN:8C h 7 � ª QOBU@OB©@IHKC"EAHK<!HoQ=MT:KbcQ=;OZD>N:8;OBD<"@OBeEdHLBD;OBUC?]8YAHVBD;nBUE

BU<?WIHoZD>A:L@OBPJL:8J�BU;yMT:8<T¢
6{¥=7�9
:8;=<?>A@=BDC?BPEAH�bcQO;OZD>Nf8;�uIZU:8;O:aZD>A@OHeZD:8JL:�bcQO;OZD>Nf8;�@OBPZD:8CXC?BUEdHKZU>Af8;�u#@OBUjO;O>A@IH©ZD:KJ�:

C(t) = 〈x(t)x(0)〉

¨



@O:K;O@OB
x(t)

BD<)BDEm:8WGBDC?HK@O:8C&@=B�WG:8<?>NZD>Nf8;PBD;2EdHxC?BUWOC?BU<?BD;yMTHKZD>Nf8;�@OB�¡�BU>A<XBD;ms\BUC?]O7 � zoHKEA§=B�B�_#WOEAYNZD>k¤
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