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BDC E#F GIH)JDK�LNMPO�QSR*TPUWVXR1LYMZR[R]\^RXQS_?`aVXUWJcbDRXVXdeJaKSUf`g\�TZR�RXQhdi`gTPJDQ<jPR]VXR]Qe`gKSUWJk_?`aKS`�TPRXQSVXKSUWlZUWK3\WJDQ

RXQhde`aTPJDQ1TPRmRXQS_PUnj6TZR�MZjpoqdeJDr*J�TPRm_P\W`gdi`�LNMPRc`qdeKe`sbYUWRXQe`�MPjtTPUnQS_uJDQSUvdeUnbaJwdeUn_xJ�yYdeRXKSj
z R]Kh\f`aVi{cRXQ�TPR3TPUnr�RXjPQSUn|DjmTPJDQe}

~ F GIH)JDK�LYMZO�QhR3dSKe`gde`�TPR3MPjkRXQS_?`gV]UWJ�baR]VXdSJDKSUW`a\�}
� F Gs��LNMPO<KSR]Qh_xJajPTPR3R]\&V]`aKe`aV�deRXK7VXJDr*_P\WR��hJ�TPR]\&r*UWQhr�JN}

�#C��7Qe`ajPTZJ�\W`3JaKhdeJajPJDKSr�`a\nUWT?`aT�TPR�\WJDQ�RXQhdi`gTPJDQ |+〉 � |−〉 �������]� 〈+|−〉 = 〈−|+〉 = 0 � 〈+|+〉 =

〈−|−〉 = 1
F���baR]KSUv�?LNMPRc\f`�`gV]V]Un|Dj�TPRc\WJaQ�JD_uR]KS`aTPJDKhR]Q

Sx
�
Sy � Sz

QhJDlPKSRmTZUWVi{PJDQ�RXQhde`aTPJDQX�
TPJajPTPR

Sx =
~

2
[|+〉〈−| + |−〉〈+|]

Sy =
i~

2
[− |+〉〈−| + |−〉〈+|]

Sz =
~

2
[|+〉〈+| − |−〉〈−|]

� _ZKSMPRXlxR3LNMPR
[Si, Sj] = iεijk~Sk {Si, Sj} = (~2/2)δij

�ZC���jcMPj�R]QS_P`aV]UnJ1baR]V�deJDKhUf`a\�VXJDr*_P\WR��hJ�TPR3TPUWr*R]jZQSUW|aj���V]JDjPQhUWTPRXKSR3\WJaQ;JD_uR]Ke`gTPJDKSRXQ
σx
�
σy � σz

�
LNMPR3R]j�\f`�l?`gQSR3JDKhdSJDjPJDKhr[`g\ {|+〉, |−〉} VXJDj

|+〉 =

(

1

0

)

|−〉 =

(

0

1

)

QhR<KhR]_PKhR]QhR]j�di`ajwr�RXTPUf`aj�dSR5\f`aQ;r�`gdSKSUWVXR]Q

σx =

(

0 1

1 0

)

σy =

(

0 −i
i 0

)

σz =

(

1 0

0 −1

)

��Qhde`aQ,deKhR]Q7r[`gdSKSUnV]R]Q
QSR<V]JDjPJYV]RXjkVXJDr*Jm�*Ea��� � � �i���Y�5  Ea¡Y¢ � C
E#F G£y#Jaj�{PRXKSr*¤ndSUWVs`gQ R]Q�di`aQ^r�`gdeKhUWV]RXQi}7¥"`a\n\WR;QhMPQ�`aMZdeJIbg`a\nJDKSRXQ � `aMZdSJ£baR]V�deJDKhR]Q�R]j*R]Qhde`<lP`aQSRgC

B



~ F ¦^RXKSUv�?LNMPR�LNMPR3QhR<QS`gdeUnQh§�`aVXR]j�\f`aQ,QhUW¨DMZUWR]j�dSR]Q�_PKSJa_PUWRXT?`aTPRXQ
det(σk) = −1

Tr(σk) = 0

σ2
i = I

σjσk = iεjklσl + Iδjk

TZJDjPTPR
I
KhR]_PKhR]QSRXj�di`�`3\f`5r[`qdeKSUn©,UWTPRXj�deUWTP`aT��

k = 1, 2, 3 � ≡ x, y, z
F��
εijk

R]Q�\f`3TPR]jZQSUWTP`aT
dSR]jPQhJDKSUW`a\&TPR<ª&RXbYUv«�¬
UnbYUnde` � δij R]Q7\f`�TZR]\nde`�TPR<­3KhJDjPRXVi®aR]KXC� F G£¬
M?og\@RXQ�\W`�KhR]\f`gV]UW|aj¯TZR[\f`gQ<r�`gdSKSUWVXR]Q3TPR�H�`aMZ\WU�V]Jaj°\WJaQ<Ja_xRXKe`aTPJaKSR]Q

Si
TZR]\^R��hRXKSV]UnV]UnJ

`gjNdSR]KhUWJDKe}
± C E#F ¬
JajPQSUnTPR]KhR5TPJDQ;®gRXdeQ |α〉 � |β〉 CZyYMP_xJajP¨�`�LNMPR 〈a′|α〉 , 〈a′′|α〉 , . . . � 〈a′|β〉 , 〈a′′|β〉 , . . .QhJDjpdSJ#TZJDQ1V]JDjPJYV]UnTPJDQX� TPJDjPTZR |a′〉, |a′′〉, . . . §²JDKSr�`aj�MPjpV]JDjq�hMZjNdSJ³VXJDr*_P\WR�deJ´TPRc®aR�deQ

lP`aQSRgCx��jPVXMPR]j�dSKSR<\f`�KSRX_PKSRXQSR]j�de`aV]Un|Djkr�`gdSKSUWVXUf`a\uTPRX\&JD_xRXKe`aTZJDK |α〉〈β| RXjkRXQhdi`1l?`aQhRaC~ F ¬
JajPQSUnTPR]KhRm`a{PJDKS`wMPj>QhUWQ�deR]r�`kTZRµR]Qh_P¤Wj
1/2 � QhRs`aj |α〉 � |β〉 UW¨DMP`a\WRXQ�` |sz = ~/2〉

� |sx = ~/2〉 KSR]Qh_xRXVXdSUnbg`ar*R]j�deRgC,��QSV]KhUWl?`>R·¶#_P\W¤nV]Unde`ar*R]j�deR�\W`°r�`gdeKhUW©�V]M?`aTZKe`aT?`�LNMPRVXJDKSKhR]Qh_xJDjZTPR�` |α〉〈β| R]j�\f`�l?`aQhR�MZQSM?`a\ � sz
TPUW`a¨DJDj?`g\�F�C

¸#C¹y#MZ_xJDjZ¨�`6LNMPR |i〉 � |j〉 QhJDjº`gMZdeJYR]Q�di`aTPJaQkTPR¯`a\n¨D»Pj¼JD_uR]Ke`gTPJDKc{PR]Khr�¤vdeUnV]J
A
C"GI½;`I�hJpLNMPO

VXJDjPTPUnV]UWJajPR]Q,QhR<_ZMPR]TPR<V]JajPV]\nMPUWK,LNMPR |i〉 + |j〉 de`ar�lPUnO]jmRXQ"`aM#deJYR]Qhde`aTPJ1TPR A }�¾aMPQhdSUn�?LNMPRgC
¿ZC¹¬
JDjZQSUWTZR]KSR<MPj�R]Qh_?`aV]UnJ�TZR�®gRXdeQ7¨DRXjPR]KS`aTPJ[_uJDK,\nJDQ7`aMZdeJYR]Q�di`aTZJDQ {|a′〉} TPR<MPj�JD_uR]Ke`gTPJDK�{PR]K�«r*¤ndSUWV]J

A
C�À�J1{?` � TZR]¨DRXjPR]KS`aV]Un|Dj�C

E#F H�KhMPR]luR�LNMPR
∏

a′

(A− a′)

RXQ�RX\&JD_uR]Ke`gTPJDK,jNMP\WJZC
~ F G£¬
M?og\)RXQ�R]\&QSUn¨DjPUv�?Vs`aTZJ�TPR]\&JD_uR]KS`aTPJDK

∏

a′′ 6=a′

(A− a′′)

(a′ − a′′)

}

� F Á�\nMPQhdSKSR3\WJaQ,TPJDQ�_PMPj�deJaQ�`gjNdSR]KhUWJDKhR]Q�MPQe`gjPTPJ
A = Sz

TPR3MPj�QSUnQhdSR]r�`�TPR3R]QS_Z¤Wj
1/2

C
Â C���\&{?`ar*UW\vdeJDjZUf`ajPJ<TPR3MPj�QSUnQhdeRXr[`�TPR3TPJaQ7jZUnbDRX\WRXQ7RXQ

H = a (|1〉〈1| − |2〉〈2| + |1〉〈2|+ |2〉〈1|)
TPJajPTPR

a
R]Q�MZj�jY»Zr�RXKSJ!VXJDj�TPUWr*R]jZQSUWJajPR]QÃTPR;R]jZR]KS¨a¤f`ZCa�^jZV]MPRXjNdSKSR,\nJDQ `aM#deJIbg`a\WJDKhR]QÃTPR,R]jPRXKS¨D¤W`

� \nJDQ,V]JaKSKSRXQS_uJDjPTPUnR]j�deRXQ"`gMZdeJYR]Q�di`aTPJaQ,V]JDr*J1MPj?`1V]JDr�lZUWj?`aVXUW|Dj[\WUWjZRs`a\�TZR |1〉 � |2〉 C
�



ÄZC¹¬
JDjZQhdeKhM � ` |S · n̂; +〉 di`g\�LNMPR

S · n̂|S · n̂; +〉 =
~

2
|S · n̂; +〉

TPJajPTPR
n̂
§²JDKSr�`mMPj³oajP¨DMP\nJ

β
V]Jaj³RX\�R��hR

z � QSM°_ZKSJ � RXV]V]Un|Dj¯QSJDlPKhR�RX\�_P\f`gjPJ xy §²JDKSr�`mMPjoajZ¨DMP\WJ
α
VXJDjµRX\xR��hR

x
C#� ¶#_PKhR]QhR5QSMµKhR]QS_ZMPR]Q�di`�V]Jar�J�MPj?`�VXJDr�lPUnj?`aV]Un|Dj*\WUWjZRs`a\?TPR |+〉 � |−〉 CÅ�Æ�ÇsÈ�É \W`1KhR]Qh_PMPR]Q�di`*R]Q

cos(β/2)|+〉 + sin(β/2)eiα|−〉.
��jc\WMP¨D`aK;TPR5bDRXKSUv�?Vs`aK,LNMPR3RXQhdi`1KSRXQS_PMZR]Qhde`�QS`gdeUnQh§�`aVXR5\f`�R]VXM?`aVXUW|DjcTPR3`aM#deJIbg`a\WJDKhR]Q,TPR3`gKSKSUnl?`Z�
VXJDjPQSUnTPR]KhR<`a\�_PKhJDlP\WRXr[`�VXJDr*J*MZjk_PKhJDlP\nR]r�`�TPR<`aMZdeJIbg`a\nJDKSRXQ]C

ÊZC��7jmQSUWQ�deRXr[`�TPR5RXQS_P¤nj
1/2

R]Qhdeo�R]jcMPj�`aMZdSJ#RXQhdi`gTPJ�TPR
S · n̂ V]JDj�`aMZdSJIba`g\WJDK

~/2
�#TPJDjPTZR

n̂
R]Q

MPjcbDRXVXdSJDK�MPjPUnde`aKSUnJ�R]j�R]\&_P\W`ajPJ
xz

LYMZR3§²JaKSr�`�MPjwogjP¨DMP\nJ
γ
V]JajkRX\&R��hR3_xJaQSUndSUnbaJ

z
C

E#F yYMP_xJajP¨�`1LYMZR<QhR�r*UWTZR
Sx
C�G£¬
M?oa\&RXQ�\W`�_PKSJal?`alPUn\WUWTP`aTµTPR3JDlZdSR]jPRXK

~/2
}

~ F � bg`a\n»PR"\W`<TPUnQS_uR]KhQSUW|aj[TPR
Sx
�YR]Q
TZR]V]UnK 〈

(Sx − 〈Sx〉)2〉 C�¦^R]KhUn�?LNMPR�R]\uKSR]QhMP\nde`aTPJ�_?`aKe`<\WJDQ
V]`aQSJaQ

γ = 0, π/2 � π C
BIËZCÌ�7jw{?`a©�TPR�oqdeJDr*JDQ�TPR�RXQS_P¤nj

1/2
RXQ"QhJDr�R�deUnTPJ[`*MPj?`[QhR]KhUWR<TPR�r*R]TPUnV]UnJDjPR]Q�TPRX\)dSUW_uJµyNdeR]Khj#«

z R]Kh\f`aVi{cR]j�\f`�QhUW¨DMZUWR]j�dSR5r[`ajZR]Ke`#Í
E#F ª'`´_PKSUnr�RXKe`�r*R]TPUnV]Un|Djt`aV]RX_Zdi`´ogdSJDr*JDQ�V]JDj

sz = ~/2 � KSR]Vi{P`a©s`¯ogdeJar�JDQ�VXJDj sz =

−~/2
C

~ F ª'`¯QSR]¨aMPjPT?`°r*R]TZUWV]Un|Dj6`aV]RX_Zdi`³ogdeJar�JDQ�VXJDj
sn = ~/2 � KhR]Vi{?`a©]`°V]Jaj sn = −~/2

�
TZJDjPTPR

sn
R]Q5R]\�`aMZdSJ£bg`a\nJDK7TPR]\ÃJD_xRXKe`aTZJDK

S · n̂ V]JDj
n̂
R]j�RX\�_P\W`ajPJ

xz � §²JDKSr�`ajPTZJµMPjogjP¨DMP\nJ
β
V]JDj�R]\&R��hR

z
C

� F �7j?`�deR]KhV]RXKe`1r�RXTPUWVXUW|Djc`aVXR]_Zde`
sz = −~/2 � KhR]Vi{?`g©s` sz = ~/2

C
G£¬
M?oa\�R]Q5\f`*UWj�deRXjPQSUnT?`aT�TPRX\ {?`a©��Pj?`a\

sz = −~/2
QSU�R]\ {?`g©

sz = ~/2
LNMPR�_P`aQe`µ\W`[_PKSUnr�RXK

r*R]TPUnV]Un|Dj�R]Q�di`3jPJDKhr[`a\nUW©]`aTPJ5`5MPjPJ�}"G£¬
|Dr*J<QhR�TPR]luR�JDKSUnR]j�di`aK�R]\?QSRX¨DMPjPTZJ�`a_P`aKe`gdSJ3TPR�r�RXTPUv«
VXUW|Djc_?`aKS`�r[`q¶#Unr�Un©s`aK�\f`�UWj�dSR]jPQhUWT?`aTcTPRX\&{?`a©5�?j?`g\

sz = −~/2
}

BDBDCÌ�7jmV]UWRXKhdSJ�JDlPQSRXKhbg`alP\nR!R]jcr*R]V]oajPUWV]`�V]MPoaj�deUWV]`�deUnR]jPR!MZj?`�KSRX_PKSRXQSR]j�de`aV]Un|Djcr[`gdSKSUnV]Uf`g\uTZR
3× 3VXJDr�J1QhUW¨DMPR

1√
2







0 1 0

1 0 1

0 1 0







E#F ��jPVXMPR]j�dSKSR7\WJDQ�`aMZdeJIbaR]VXdSJDKSRXQ^jPJDKSr�`a\nUW©s`gTPJDQ'TPR,R]Q�deR,JDlZQSR]K�bg`alP\WR � \nJDQ V]JaKSKSRXQS_uJDjPTPUnR]j�deRXQ`gMZdeJIbg`a\WJaKSR]QXC�GI¥"` � TPRX¨DR]jPRXKe`aVXUW|Dj?}
�



~ F Î�R�MPj�R��hRXr�_Z\WJ�§²¤WQhUWVXJ�TPJDjPTPR5dSJ#TPJ1RXQhdeJ*QSR]`*KhR]\nRXbg`aj�deRgC
B£�#C�y#R]`aj

A � B TPJDQ@JDlPQhR]Khbg`alZ\WR]QXCPyYMP_xJajP¨�`�LNMPR�\WJDQ@`aMZdSJD®aR�deQ;QhUWr�MZ\ndiogjPR]JDQ^TPR
A � B {|a′, b′〉} �§²JDKhr[`gj*MZj[V]Jajq�hMPj�deJ�JDKhdSJDjPJDKhr[`a\ZV]JDr*_P\WR�deJ3TPR7®aR�deQ
lP`aQSRgCZG£y#R7_PMPRXTPR"QhUWRXr�_PKhR�V]JDjPVX\WMPUnK�LNMPR

[A, B] = 0
}�y#U&QSM�KSRXQS_PMPRXQhde`�R]Q7QS¤��P_PKhMPO]luR]\W`ZÏPQSU&RXQ�jPJP�?TPR3MPj�V]JDj�dSKe`aR��hR]r*_P\WJPC

BI�ZCÌÎ"JaQ�JD_xRXKe`aTZJDKSRXQ�{ZR]KSr*¤ndSUWVXJDQ `aj�dSUWV]JajPr�MZde`aj��aRXQ^TPR]VXUWK {A,B} = AB+BA = 0
C�GI��Q�_uJDQhUWlP\nR

dSR]jPRXK7MZjw`aM#deJD®gRXd7V]JDr�»PjkTZR
A � B }�H�KSMZR]luR�J1UW\nMPQhdSKSR!QhMwVXJDjPV]\nMPQSUn|Dj�C

B ± CÌÎ"JaQ�JDlPQhR]Khbg`alZ\WR]Q
A1 � A2

�)LNMPRmjPJ�UnjNbaJD\WMZV]Ke`gj>R�¶#_P\n¤WV]Uvdi`ar*R]j�dSR�RX\�dSUWR]r*_uJP�'jPJ�V]JajPr�MZde`aj
� [A1, A2] 6= 0

F��;_uR]KhJ�QSR´Qe`aluR�LNMPR´`ar�luJDQµVXJDjPr�M#di`ajÐV]Jaj¼RX\!{?`ar*UW\vdeJDjZUf`ajPJ � [A1, H] =

[A2, H] = 0
F·C
H�KhMPR]luR�LNMPR�\WJDQ[`aMZdSJ#RXQhdi`gTPJDQmTPR�RXjPR]Kh¨D¤f`³QSJDj��
R]jÑ¨DRXjPR]KS`a\Ò�@TPR]¨DRXjPR]KS`aTPJDQXC

GI¥"` � R·¶#V]R]_uV]UnJDjPRXQi}5¬
JDr*J3MPj�R��hR]r*_P\WJZ�a_PMPRXTPR7_xRXjPQe`aK^RXj�RX\?_PKSJDlZ\WR]r�`!TPR,§²MPRXKS©s`gQ�VXR]j�deKS`a\WRXQ
H = p2/2m+ V (r)

�PVXJDj
A1 → Lz � A2 → Lx

C
B£¸#C E#F ª'`3r[`gjPR]KS`<r�`aQ §�oaVXUW\PTPR7TPRXKSUnbg`aK�\W`5TPR]QhUW¨DM?`g\WT?`aT1TPR"y#Vi{�Ó
`aKS©�R]Q�\f`!QSUn¨DMPUnR]j�deRgCNH^KhUWr*R]KhJ

JalPQSRXKhbDR�LNMPR
(〈α| + λ∗〈β|) · (|α〉 + λ|β〉) ≥ 0

_P`aKe`�V]MP`a\WLNMPUnR]K,jN»Pr*R]KSJ1VXJDr�_Z\WR��hJ
λ
C?ª&MPRX¨DJ1R]\nUÔ�S`

λ
TZR3de`a\Õ§²JDKhr[`�LYMZR<\W`�TPR]QhUW¨DMP`a\WT?`gT

`gjNdSR]KhUWJDK,QhR�KhR]TPMP©XVs`*`�\f`�TPR]QhUW¨DMP`a\WT?`gTmTPR�y#Vi{�Ó;`aKh©a� 〈α|α〉 〈β|β〉 ≥ | 〈α|β〉 |2 C~ F HÃ`aKe`!TZJDQ�JDlZQSR]K�bg`alP\WRXQ
A � B � MZj�R]Qhde`aTPJ!VXM?`a\nLYMZUWR]KS`Z�£_PKSMZR]luR;\f`7KSR]\W`aV]Un|Dj<TPR;UWjZV]R]K�deRX©s`¨aR]jPRXKe`a\nUW©s`gT?`
〈

(∆A)2
〉 〈

(∆B)2
〉

≥ 1

4
|〈[A,B]〉|2

TZJDjPTPR
∆A = A− 〈A〉 C

� F Ö�MPR]Q�deKSR´LNMPR´R]\"QSUW¨ajPJ�UW¨DMP`a\�RXjÐ\f`°KhR]\f`gV]UW|aj×TPR�UWjZV]R]K�deRX©s`�¨DR]jZR]Ke`g\WUW©]`aT?`°QhR�JDlZdSUWR]jZR
VXM?`ajPTZJ�RX\&R]Qhde`aTPJ*R]j�V]MPRXQhdSUW|Dj�Qe`gdSUWQ�§�`aV]R

∆A|α〉 = λ∆B|α〉
TZJDjPTPR

λ
R]Q�MPj�UWr�`a¨DUnj?`aKhUWJ<_PMPKSJZC

� F ¦^RXKSUv�?LNMPR�LNMPR3\W`�§²MPjPV]Un|DjcTPR3JDjPT?`1TPR3MPj�_?`aLNMPR�deR<¨�`aMPQhQSUf`gjPJP�PT?`gT?`�_xJDK

〈x′|α〉 = (2πd2)−1/4 exp

[

i 〈p〉x′
~

− (x′ − 〈x〉)2

4d2

]

QS`gdeUnQh§�`aVXR3\f`�KSRX\f`aVXUW|DjmTZR<UnjPV]RXKhdSR]©s`1r*¤WjPUnr[`
√

〈(∆x)2〉
√

〈(∆p)2〉 =
~

2
.

±



Ö�MPR]Q�deKSR<di`ar�lPUWOXjmLYMZR�\W`�V]JDjPTZUWV]Un|Dj
〈x′|∆x|α〉 = c 〈x′|∆p|α〉

TZJDjPTPR
c
RXQ
MPjµjN»Pr*R]KhJ�UWr�`a¨DUnj?`aKhUWJP�qRX§²RXVXdeUvbg`ar�RXj�deR7QSR!VXMPr�_Z\WR�_?`aKS`�TPUnVi{PJ�_?`aLNMPR�deR�R]j

`gV]MPRXKSTPJ�V]JDj � l?F�C
BI¿ZC E#F ¬;`g\WV]MZ\WR

〈

(∆Sx)
2
〉

≡
〈

S2
x

〉

− 〈Sx〉2TZJDjPTPR´R]\�ba`g\WJDK�TPR�R�¶#_uR]VXde`aV]Un|DjÐR]Qm_?`gKe`>R]\"R]Qhde`aTPJ |Sz; +〉 C;�7Qe`ajZTPJtQSMÐKSRXQSMP\vdi`aTPJZ�
baR]KhUn�?LNMPR<\f`�KSRX\f`aVXUW|DjmTZR<UnjPV]RXKhdSR]©s`�¨DRXjPR]KS`a\WUn©s`aTP`Z�

〈

(∆A)2
〉 〈

(∆B)2
〉

≥ 1

4
|〈[A,B]〉|2

VXJDj
A→ Sx � B → Sy

C
~ F ¦^RXKSUv�?LNMPR�\W`�KSRX\f`aVXUW|DjmTPR3UnjPV]RXKhdeRX©s`1V]JDj

A→ Sx
�
B → Sy

_?`gKe`�R]\&RXQhdi`gTPJ |Sx; +〉 C
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